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AB ST R AC T 

The problem considered in this report is that of discriminating 

between two kinds of electroencephalogram (EEG) signals recorded 

from a human subhct  -- spontaneous EEG and EEG driven by photic 

stimuli at the alpha frequency of the subject. Since an EEG record 

represents a large amount of data, efficient feature reduction methods 

a r e  required to pick out a few features which a r e  significant for dis- 

crimination purposes. 

The feature reduction methods available in the literature a r e  first 

examined critically. A nonparametric feature reduction method based 

on a distance measure is developed, using the sampled values of the 

EEG as features. The computations involved in feature reduction a l so  

yield the best separating hyperplane at each stage. The e r ro r  rate is  

less than five percent when the decisions a r e  based on twenty periods 

of the alpha frequency. 

A random process model is developed for the two kinds of EEG 

signals based on the fact that the EEG driven at the alpha frequency has 

more phase coherence than the spontaneous EEG. 

employed for feature reduction and pattern classification. 

The model is then 

The model 
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provides a four dimensional vector of sufficient statistics, which con- 

tains a l l  the information necessary for discrimination purposes, The 

sufficient statistics a re  functions of the phase values of the EEG. 

a r e  in the form of cumulative sums which can be updated a s  more 

data becomes available. Moreover, the Bayes optimal separating 

surface is linear in terms of these sufficient statistics. 

They 

The e r ro r  rates obtained by the two methods a r e  compared. 

is seen that in the' 570 range of e r ro r  rate, which is of practical interest, 

the two methods perform equally well. 

of the model-based method gives it a decisive advantage. 

It 

The computational simplicity 
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CHAPTER I 

A SURVEY OF FEATURE REDUCTION 

1.1 Role of Fea ture  Reduction i n  P a t t e r n  C l a s s i f i c a t i o n  

The two c l a s s  p a t t e r n  c l a s s i f i c a t i o n  problem can be 

formulated as  fo l lows .  W e  a r e  pe rmi t t ed  t o  make N measure- 

ments on a given p a t t e r n  and t h u s  e x t r a c t  an N-dimensional 

p a t t e r n  v e c t o r  - x = ( x l ,  x2, e e . 5)  from t h e  p a t t e r n .  

The components xi of t h e  p a t t e r n  v e c t o r  a r e  c a l l e d  f e a t u r e s .  

Depending on t h e  numbers xi t h e  p a t t e r n  has t o  be c l a s s i f i e d  

as  coming from one of two p a t t e r n  c l a s s e s  Ip o r  HI. 

From a geometr ica l  p o i n t  of view, each p a t t e r n  can 

be cons idered  a s  a p o i n t  i n  N-dimensional space.  The c l a s -  

s i f i c a t i o n  problem i s  t o  f i n d  a s e p a r a t i n g  s u r f a c e  which 

d i v i d e s  t h e  N-dimensional space  i n t o  two p a r t s  corresponding 

t o  p a t t e r n  c l a s s e s  and HI r e s p e c t i v e l y .  Any given p a t t e r n  

i s  then  c l a s s i f i e d  according t o  t h e  p o s i t i o n  of t h e  p o i n t  

r e p r e s e n t i n g  it i n  N-dimensional space.  

From t h e  a n a l y t i c a l  p o i n t  of view, t h e  c l a s s i f i c a t i o n  

problem reduces t o  f i n d i n g  a s c a l a r  f u n c t i o n  f :  

such t h a t  t h e  p a t t e r n  - x is  c l a s s i f i e d  a s  coming from €6' o r  

H1 according as  f ( x )  - < 0.  f ( x )  - = 0 w i l l  then  d e s c r i b e  t h e  

s e p a r a t i n g  s u r f  ace.  

RN 4 R1 

> 

I n  most ca ses  of i n t e r e s t ,  it is  found t h a t  t h e  two 

p a t t e r n  c l a s s e s  do ove r l ap  t o  some extent ,  and t h e r e f o r e  
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are not  i n  N-dimensional space. I n  such c-ases 

the  o b j e c t i v e  i s  t o  c o n s t r u c t  the  s e p a r a t i n g  s u r f a c e  ( o r  

the  f u n c t i o n  f )  i n  such a way t h a t  t he  number of misclassi- 

f i c a t i o n s  ( o r  i n  a s t a t i s t i c a l  s e n s e )  

i s  minimized. 

There are s e v e r a l  a lgori thms a v a i l a b l e  i n  the l i t e r -  

a t u r e  t o  f i n d  a s u i t a b l e  f u n c t i o n  f which i s  opt imal  i n  some 

sense .  Ho  and A g r a w a l a  [l] have c lass i f ied  these algori thms 

depending on t h e  n a t u r e  of t h e  informat ion  a v a i l a b l e  about 

t h e  two p a t t e r n  classes. T h i s  in format ion  may be knowledge 

about t h e  s t a t i s t i c a l  d i s t r i b u t i o n s  of the two p a t t e r n  clas- 

ses o r  l e a r n i n g  p a t t e r n s  ( a l s o  called t r a i n i n g  samples) of 

known o r  unknown c l a s s i f i c a t i o n .  

T h i s  t hes i s  does no t  seek t o  develop any new algo- 

r i thms f o r  p a t t e r n  c l a s s i f i c a t i o n .  Rather, t h e  purpose i s  

t o  deal w i t h  the  problem of f e a t u r e  reduct ion  ( a l s o  called 

i n  t he  l i t e r a t u r e )  which arises 

from the  fo l lowing  cons ide ra t ions .  The computational com- 

p l e x i t y  involved i n  f i n d i n g  a s u i t a b l e  s e p a r a t i n g  f u n c t i o n  

f i n c r e a s e s  rather r a p i d l y  as the  dimension N of t h e  p a t t e r n  

v e c t o r  goes up. T h i s  i s  t r u e  regardless of w h a t  in format ion  

is  a v a i l a b l e  about t he  p a t t e r n  classes o r  which p a r t i c u l a r  

a lgor i thm is  used t o  a r r i v e  a t  t he  func t ion  f. Therefore ,  

it is  desirable t o  t ransform the p a t t e r n  v e c t o r  - x = (xl, x2 

. a , i n t o  another  v e c t o r  y = (yl yz e e ym 1 of 

cons ide rab ly  lower dimension, and then  apply t he  c l a s s i f i c a t i o n  
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algori thms t o  t h e  transformed p a t t e r n  v e c t o r  ye 

If t h e  t ransformat ion  i s  denoted by y = g ( x )  I and 

the  c l a s s i f i c a t i o n  f u n c t i o n  i n  t h e  y-space is  h ( x ) ,  w e  c a n  

say  t h a t  t h e  o r i g i n a l  c l a s s i f i c a t i o n  f u n c t i o n  f ( x )  - i s  ex- 

pressed as a composition of two f u n c t i o n s  

f = h O g .  

T h i s  i s  schemat ica l ly  i l l u s t r a t e d  i n  F i g .  1.1. By proper  

choice  of g it i s  p o s s i b l e  t h a t  the  computations involved 

i n  f i n d i n g  g and h are cons iderably  less than  those  involved 

i n  f i n d i n g  f d i r e c t l y .  Consider ing t h a t  the  f e a t u r e  extrac- 

t i o n  p rocess  might have p icked  up some f e a t u r e s  which are 

no t  ve ry  r e l e v a n t  f o r  d i s c r i m i n a t i o n  purposes ,  t h e  t r a n s -  

formation of f e a t u r e s  can a l s o  s i m p l i f y  t h e  u l t i m a t e  physi-  

ca l  r e a l i z a t i o n .  

It  i s  important  t h a t  t h e  new f e a t u r e s  y should con- 

t a i n  a l l  o r  most of t h e  d i sc r imina to ry  informat ion  conta ined  

i n  t h e  o r i g i n a l  f e a t u r e s  - x, 
should be achieved wi th  minimum los s  of d i sc r imina to ry  in -  

I n  o t h e r  words, data  reduct ion  

formation.  The task of f i n d i n g  a s u i t a b l e  f u n c t i o n  g which 

maps t h e  o r i g i n a l  p a t t e r n  v e c t o r  P x i n t o  a transformed pa t t -  

e r n  v e c t o r  y of cons iderably  lower dimension may be ca l led  

t h e  

I n  looking f o r  a c l a s s i f i c a t i o n  func t ion  f t h e  sea rch  

i s  n e c e s s a r i l y  res t r ic ted t o  a c lass  of func t ions .  The 

f u n c t i o n  f f i n a l l y  a r r i v e d  a t  i s  supposed t o  be opt imal  on ly  

among t h e  f u n c t i o n s  wi th in  the  p a r t i c u l a r  class. This  i s  
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t r u e  of t he  f e a t u r e  r educ t ion  problem too .  For f i x e d  

dimensions N and m,  w e  look only  a t  a class of f u n c t i o n s  

among a l l  p o s s i b l e  mappings RN 4 Rm and a r r i v e  a t  the  o p t i -  

m a l  m a p  w i t h i n  t h i s  class. I n  Sec t ion  1.2 the simplest 

case, where the  mapping g j u s t  chooses a subse t  of the  o r i -  

g i n a l  f e a t u r e s  5, w i l l  be cons idered .  Sec t ion  1.3 deals 

w i t h  t he  next  simplest k ind  of mappings, namely, t hose  which 

produce l i n e a r  combinations of t h e  o r i g i n a l  f e a t u r e s  5. 

Figures  1 . 2  and 1.3 show simple two-dimensional examples 

where such mappings are advantageous. I n  F i g .  1.1 t he  fea- 

t u r e  x1 a lone  i s  s u f f i c i e n t  f o r  d i s c r i m i n a t i o n .  I n  F i g .  1.2 

t he  c l a s s i f i c a t i o n  f u n c t i o n  can be reduced t o  a cub ic  i n  a 

s i n g l e  v a r i a b l e  y1 = alxl + a2x, i n s t e a d  of a c u b i c  i n  two 

v a r i a b l e s  x1 and x2. 

1.2 Procedures f o r  Choosing a Subset of Features 

Procedures  f o r  choosing a s u b s e t  of f e a t u r e s  w i l l  be 

cons idered  now; l i n e a r  combinations w i l l  be cons idered  l a t e r .  

The  mapping g: RN .-) Rm which chooses a s u b s e t  of 

the  f e a t u r e s  - x E: RN is  

Y1 = X i l  

Y2 = x i 2  where ( i l ,  i2, e e e , i,) C (1, 2 ,  

e , N) w i t h  il # i2 # e e * # i,. 
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/ FIGURE 1-2 
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N It is  easy  t o  see t h a t  t h e r e  are p r e c i s e l y  ( m )  such mappings. 

The f e a t u r e  r educ t ion  problem amounts t o  f i n d i n g  one among 

t h e s e  ( m )  mappings which is opt imal  i n  some sense .  

lowing s u b s e c t i o n s  a r e  devoted t o  a d i s c u s s i o n  of some app- 

roaches proposed i n  the l i t e r a t u r e .  All of t h e m  assume t h a t  

N The f o l -  

t h e  j o i n t  p r o b a b i l i t y  d e n s i t i e s  of t h e  f e a t u r e s  under each 

class are known and denoted by p ( x l ,  x 2 ,  

i = 0 ,  1. 

. . 5 1 Hi 

1 . 2 . 1  D i r e c t  minimizat ion of p r o b a b i l i t y  of e r r o r  

Taking the Bayesian approach, l e t  P ( # )  and P ( H 1 )  be 

the  s u b j e c t i v e  p r i o r  p r o b a b i l i t i e s  of the  t w o  p a t t e r n  c l a s -  

ses, which reflect  o n e ' s  judgment about t he  frequency of 

occurrence of each class. Choosing any s u b s e t  of f e a t u r e s  

XXm = (xi ,  , xi2, . e . , xi mq) w e  can compute t he  marginal  

d e n s i t i e s  p (Xm I Hi 1 i = 0 ,  1 simply by i n t e g r a t i n g  o u t  

t h e  remaining f e a t u r e s .  If w e  are restricted t o  us ing  only 

x m ,  t h e  best t h a t  can be done i s  t o  use  t he  Bayes d e c i s i o n  

r u l e ,  namely, 

T h e  Bayes e r r o r  Pe i s  g iven  by 
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where R, i s  t h e  space spanned by xrn .  The Bayes e r r o r  can 

be computed f o r  a l l  s u b s e t s  of c a r d i n a l i t y  m and t h e  s u b s e t  

which minimizes P i s  chosen. e 
T h i s  method s u f f e r s  from s e v e r a l  d i sadvantages ,  some 

of which are l i s ted  below. 

I n  a p r a c t i c a l  a p p l i c a t i o n ,  i f  N i s  l a r g e ,  it is  

d i f f i c u l t  t o  get good estimates of t he  j o i n t  prob- 

a b i l i t y  d e n s i t i e s  ( t h i s  criticism can be l e v e l l e d  

a g a i n s t  a l l  procedures  described i n  s e c t i o n  1.2). 

The t o t a l  number of f e a t u r e  s u b s e t s  t o  be examined 

i s  ( m ) ,  which can be p r o h i b i t i v e l y  l a r g e  and make 

the scheme i m p r a c t i c a l ,  

T h e  i n t e g r a t i o n  needed t o  o b t a i n  Pe i nvo lves  a min- 

imiza t ion  a t  each p o i n t  i n  Rm and, t h e r e f o r e ,  may 

be d i f f i c u l t  t o  c a r r y  ou t  i n  p r a c t i c e .  

N 

1 . 2 . 2  Sequen t i a l  d e c i s i o n  methods [ 2 ]  

These methods make use  of t h e  appara tus  of sequen- 

t i a l  d e c i s i o n  theory .  T h e  f e a t u r e  subse t  i s  cons t ruc t ed  by 

s e q u e n t i a l  s e l e c t i o n ;  i t s  s i z e  i s  n o t  s p e c i f i e d  i n  advance. 

The  q u e s t i o n  asked a t  each s t a g e  of t h e  s e l e c t i o n  p rocess  

is "Is it worth p i c k i n g  another  f e a t u r e  and, i f  so, which one 

should be chosen?" The c r i t e r i o n  used is  the  9 

which t a k e s  i n t o  account t h e  c o s t s  of m i s c l a s s i f i c a t i o n  and 

a l s o  the  c o s t  of observing the f e a t u r e s .  The s e l e c t i o n  of 

f e a t u r e s  can be done ' o f f - l i n e 8  o r  ' on - l ine '  a s  described 

below. 
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a )  Of f - l i ne  method 

T h e  method works ' o f f - l i n e '  i n  t h e  sense  t h a t  t h e  

whole s t r a t e g y  f o r  s e q u e n t i a l  s e l e c t i o n  of f e a t u r e s  is 

worked o u t  beforehand from a knowledge of the p r o b a b i l i t y  

d e n s i t i e s  of - x under 

by the f e a t u r e s  do n o t  i n f l u e n c e  the s t r a t e g y  i n  any way. 

and H1 e The a c t u a l  va lues  a t t a i n e d  

L e t  CO be t h e  c o s t  o f  l a b e l l i n g  a p a t t e r n  as  belong- 

i n g  t o  H1 when i n  r e a l i t y  i t  comes from Ho ; l e t  C1 be t h e  

c o s t  of l a b e l l i n g  a p a t t e r n  as belonging t o  H0 when i n  r e a l -  

i t y  i t  comes from H1, 

one f e a t u r e .  I f  R ( m )  denotes  t h e  Bayes r i s k  i n  making the 

L e t  y be t h e  c o s t  of observing any 

d e c i s i o n  based on m f e a t u r e s ,  t h e  sequence R ( m ) ,  m = 0, 1, 

2, . . . N can be computed a s  below. 

A d e c i s i o n  can be made without  observing any fea-  

t u r e s  i n  t h e  fo l lowing  manner. I f  w e  a r b i t r a r i l y  a s s ign  

the p a t t e r n  t o  c l a s s  H1 w e  i n c u r  an average c o s t  of C o P ( H 0  1; 

whereas i f  w e  a r b i t r a r i l y  a s s ign  t h e  p a t t e r n  t o  class w e  

i n c u r  an average r i s k  of C1 P (H1 e Therefore ,  

I f  w e  dec ide  t o  observe any one f e a t u r e ,  say  x i l  , t h e  min- 

imum c o s t  of m i s c l a s s i f i c a t i o n  w i l l  be 
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T h e  Bayes r i s k  R ( 1 )  w i l l  be ob ta ined  by minimizing t h i s  over  

a l l  available f e a t u r e s  and adding t h e  c o s t  of observing one 

f e a t u r e .  Therefore ,  

Having carried out  t h e  minimization, w e  know which f e a t u r e  

t o  observe,  i f  a t  a l l .  A t  t h e  second stage the  choice  i s  

l i m i t e d  t o  t h e  remaining f e a t u r e s .  It is  i n d u c t i v e l y  c lear  

t h a t  t h e  express ion  f o r  R ( m )  i s  

According t o  s e q u e n t i a l  d e c i s i o n  theory  t h e  mth fea- 

t u r e  should  be observed i f  and only i f  R ( m )  < R ( m - 1 )  and 

m N. T h e  s e l e c t i o n  procedure i s  s topped when t h i s  condi- 

t i o n  i s  v i o l a t e d .  It  should be noted  t h a t  i f  y = 0 ,  R ( m )  

R ( m - 1 )  and the s e l e c t i o n  s t o p s  only when m = N e  

b )  On-line methods 

I n  t h i s  method, t h e  p r o b a b i l i t y  d e n s i t i e s  are up- 

dated a t  each stage i n  the l i g h t  of t h e  a c t u a l  va lues  assumed 

by the f e a t u r e s  so  f a r  chosen. I n  fact  f e a t u r e  reduct ion  
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and c l a s s i f i c a t i o n  proceed side by side. 

Z i l '  Z 1 2 9  0 * e 9 Z l  are t h e  observed va lues  of t h e  f i rs t  

( m - 1 )  f e a t u r e s  

For example,. if 

m - 1  

are known as f u n c t i o n s  of xi a lone s i n c e  t h e  z ' s  a r e  mere 

numbers. Therefore  the  r e v i s e d  Bayes r i s k  R ( m )  i s  
m 

T h e  d e c i s i o n  r u l e  i s  unchanged. The number of f e a t u r e s  

u l t i m a t e l y  chosen i s  t r u l y  a random v a r i a b l e  s i n c e  i t  de- 

pends on z i 1 9  z 1 2 ,  . . and may d i f f e r  from one e x p e r i m e n t  

t o  another .  

T h e  s e q u e n t i a l  methods s u f f e r  from a drawback inher -  

e n t  t o  a l l  s e q u e n t i a l  f e a t u r e  s e l e c t i o n  procedures .  

e l a b o r a t e d  i n  1.2.5. 

T h i s  is 

The d i f f e r e n t  approaches o u t l i n e d  so  f a r  involve  a 

detai led c a l c u l a t i o n  of t h e  p r o b a b i l i t y  of e r r o r ,  which can 
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be a d i f f i c u l t  t a s k  under t h e  best of c i rcumstances ( f o r  

example, bo th  p a t t e r n  classes Gaussian with d i f f e r e n t  means 

and c o v a r i a n c e s ) .  I n  an e f f o r t  t o  overcome t h i s  d i f f i c u l t y ,  

methods which r e l y  only  on a g r o s s  s t a t i s t i c a l  d e s c r i p t i o n  

of t h e  p a t t e r n  classes have been developed. Entropy and 

d i s t a n c e  measures are examples of such g ross  d e s c r i p t i o n s  

The concept of entropy ar ises  i n  thermodynanics and 

informat ion  theory .  To conform with t h e  s tandard  n o t a t i o n ,  

i n  t h i s  subsec t ion  only ,  t h e  symbol H w i l l  s t and  f o r  en t ropy  

and t h e  p a t t e r n  classes w i l l  be denoted by C i  ( i n s t e a d  of 

H i  1, i = 0 ,  1. I f  p(Ci  is t h e  p r i o r  p r o b a S i l i t y  t h a t  an 

unknown p a t t e r n  belongs t o  class i ,  t h e  q u a n t i t y  

is cal led t h e  entropy.  I t  i s  a measure of t h e  u n c e r t a i n t y  

regard ing  t h e  c o r r e c t  c l a s s i f i c a t i o n  of a p a t t e r n .  I t  can 

be proved t h a t  

( i )  H ( C )  is  a minimum when a l l  bu t  one of t h e  p r i o r  prob- 

a b i l i t i e s  a r e  zero--in t h i s  ca se  one can be c e r t a i n  

about t h e  c l a s s i f i c a t i o n  of any given p a t t e r n .  

(ii) H ( C )  i s  a maximum when a l l  t h e  p r i o r  p r o b a b i l i t i e s  

a r e  equa l  t o  each other-- in  t h i s  case one i s  most 

u n c e r t a i n  about t h e  c o r r e c t  c l a s s i f i c a t i o n  of any 

g iven  p a t t e r n .  

I n  g e n e r a l ,  t h e  en t ropy  a t t a i n s  a lower va lue  when t h e  
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p r o b a b i l i t i e s  are concent ra ted  i n  a f e w  p a t t e r n  classes; it 

a t t a i n s  a h i g h e r  va lue  when t h e  p r o b a b i l i t i e s  are d i s t r i b u -  

ted among many classes. 

When a set  of f e a t u r e s  x m  = {xil, X i z ’  0 9 7 xi 1 
has been observed, t h e  p r o b a b i l i t i e s  a s s o c i a t e d  wi th  the pat- 

t e r n  classes are r e v i s e d  according t o  Bayes’ Law, namely, 

Therefore ,  t h e  c o n d i t i o n a l  en t ropy  a f t e r  observing Xm i s  

Averaging over  a l l  p o s s i b l e  va lues  which can be a t t a i n e d  by 

t h e  f e a t u r e s ,  w e  get t h e  average c o n d i t i o n a l  en t ropy  

\ 

T h e  average r educ t ion  i n  en t ropy  achieved i s  de f ined  as t h e  

mutual in format ion ,  t ha t  i s ,  the information which t h e  par- 

t i c u l a r  set  of f e a t u r e s  carries about t h e  c o r r e c t  c lass i f i -  

c a t i o n  of t h e  p a t t e r n .  
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It is  proved i n  tex tbooks  on informat ion  theo ry  [ 3 ]  - tha t  the 

mutual information i s  a non-negative q u a n t i t y .  The mutual 

in format ion  can be computed f o r  a l l  ( m )  f e a t u r e  s u b s e t s  of 

dimension m and the  one which has maximum mutual in format ion  

w i t h  C' i s  chosen. 

N 

The i n t e g r a t i o n s  involved i n  t h e  computation of t h e  

mutual in format ion  I are simpler because t h e  minimizing oper- 

a t i o n  a t  each p o i n t  i n  m-dimensional space has been avoided. 

However, entropy be ing  a g ross  d e s c r i p t i o n  of the  f e a t u r e  

s t a t i s t i c s ,  no unique r e l a t i o n  e x i s t s  between i t  and t h e  

p r o b a b i l i t y  of m i s c l a s s i f i c a t i o n .  

1 .2 .4  Methods based on d i s t a n c e  measures 

These methods s t e m  from the i n t u i t i v e  no t ion  t h a t  

t he  f a r t h e r  away the  two p a t t e r n  classes a r e  s i t u a t e d  i n  

f e a t u r e  space, the less w i l l  be the  p r o b a b i l i t y  of commit- 

t i n g  an e r r o r  i n  c l a s s i f i c a t i o n .  Since each p a t t e r n  class 

should be p r o p e r l y  looked upon as a s t a t i s t i c a l  d i s t r i b u t i o n  

i n  f e a t u r e  space, the problem is  t o  d e f i n e  an appropr i a t e  

d i s t a n c e  between any two s t a t i s t i c a l  d i s t r i b u t i o n s .  It 

would be desirable f o r  t h i s  ' d i s t a n c e '  t o  s a t i s f y  the three 

metric p r o p e r t i e s  of non-negat ivi ty ,  symmetry and t r i a n g l e  

i n e q u a l i t y .  ( T h i s  l a s t  one does not  apply t o  the  two-class 

case w i t h  which t h i s  thesis  i s  mainly concerned,)  I n  a 

p rac t ica l  a p p l i c a t i o n ,  t he  d i s t a n c e  i s  eva lua ted  i n  t he  sub- 
N space spanned by each of the ( f e a t u r e  s u b s e t s  of dimension m 

m e  The  s u b s e t  which maximizes t h e  d i s t a n c e  i s  chosen. 
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A f e w  of t he  commonly used d i s t a n c e  measures and 

t he i r  p r o p e r t i e s  a r e  given below. ( K a i l a t h  [6] has g iven  a 

good account of these.)  AS i n  the  c a s e  of en t ropy ,  there is  

no explicit  r e l a t i o n  between the  p r o b a b i l i t y  of e r r o r  and 

any of t he  d i s t a n c e  measures. However, i n  some c a s e s  

bounds can be s e t  on the  p r o b a b i l i t y  of e r r o r .  

I t  i s  proved i n  textbooks on f u n c t i o n a l  ' a n a l y s i s  [4] t h a t  

t he  above d i s t a n c e  s a t i s f i e s  the metric p r o p e r t i e s .  N o  re- 

l a t i o n  w i t h  t h e  p r o b a b i l i t y  of e r r o r  is known. 

b )  Kul lback ' s  J-divergence o r  d ive rgen t  in format ion  [5? 61 

The  Bayes d e c i s i o n  r u l e  can be i n t e r p r e t e d  a s  set- 

t i n g  a t h r e s h o l d  on t h e  log- l ike l ihood r a t i o  de f ined  a s  

It is  reasonable  t o  d e f i n e  a d i s t a n c e  a s  the d i f f e r e n c e  i n  

t he  average va lues  of the  log - l ike l ihood  r a t i o  under t he  two 

c l a s s e s .  T h e  d i s t a n c e  s o  de f ined  i s  c a l l e d  the  J-divergence 

and i s  g iven  by 
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Non-negativity fo l lows  by 

s i n c e  ( L - 1 )  l o g  L 2 0 w i t h  e q u a l i t y  i f  and only i f  L = 1. 

Symmetry i s  obvious; J does not  obey t h e  t r i a n g l e  i n e q u a l i t y .  

The fo l lowing  theorem due t o  K a r l i n  [ 7 ]  is  of some i n t e r e s t .  

" L e t  x and x' be two s u b s e t s  of f e a t u r e s  ( n o t  n e c e s s a r i l y  of 

t he  same c a r d i n a l i t y ) .  If J and J' denote t h e  d ive rgen t  

in format ion  conta ined  i n  these s u b s e t s ,  then  J > J' implies 

the  e x i s t e n c e  of a set of p r i o r  p r o b a b i l i t i e s  {n,l-n] asso- 

c ia ted wi th  t h e  two p a t t e r n  classes such t h a t  P e ( x , r r )  < 

Pe (x ' 9 l-r) . 
K a r l i n ' s  theorem only a s su res  us  t h a t  t h e  subse t  

con ta in ing  less d ive rgen t  information cannot be uniformly 

be t te r  than  t h e  s u b s e t  wi th  more d ive rgen t  in format ion  f o r  

a l l  p r i o r  p r o b a b i l i t i e s .  I t  does not  even t e l l  us  f o r  what 

range of IT t h e  l a t t e r  s u b s e t  performs better.  Kovalewsky 

[8] has po in ted  out  t ha t  the measure J cannot d i s t i n g u i s h  

between f e a t u r e s  which a r e  d i s t r i b u t e d  as shown i n  F i g .  1 . 4 ,  

even though t h e  f i rs t  f e a t u r e  is obviously better (no over- 

lap of c lasses) .  This  i s  because J becomes i n f i n i t e  f o r  

bo th  the f e a t u r e s .  
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EXAMPLE WHERE J- DIVERGENCE FAILS 

FIGURE 1.4 
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c )  The Bhattacharyya d i s t a n c e  (B-distance) [6 ,  91 

The B-distance between t h e  two p a t t e r n  classes is  

de f ined  by 

B sa t isf ies  non-negat ivi ty  and symmetry p r o p e r t i e s ;  it does 

no t  s a t i s f y  t he  t r i a n g l e  i n e q u a l i t y .  K a i l a t h  has g iven  

bounds on the p r o b a b i l i t y  of e r r o r  Pe i n  terms of B. 

I t  w a s  p o i n t e d  o u t  t h a t  d i s t a n c e  measures, being 

only  g r o s s  s t a t i s t i c a l  d e s c r i p t i o n s ,  cannot be related ex- 

p l i c i t l y  t o  t h e  p r o b a b i l i t y  of e r r o r .  T h e  fo l lowing  theorem 

due t o  B l a c k w e l l  [lo] b r i n g s  ou t  t h i s  fac t  f o r c e f u l l y .  

"Pe (x7n)  * Pe(x t91T)  f o r  a l l  IT i f  and only  i f  

f o r  a l l  cont inuous concave f u n c t i o n s  $(L)." J-divergence 

and B-distance are only  p a r t i c u l a r  cases w i t h  $(L) = (1-L) 

I n  L and $ ( L )  = J L  r e s p e c t i v e l y .  O t h e r  d i s t a n c e  measures 

can be c o n s t r u c t e d  by t a k i n g  d i f f e r e n t  concave f u n c t i o n s  

$(L). B l a c k w e l l ' s  theorem is  no t  u s e f u l  i n  practice s i n c e  

i t  i s  impossible  t o  t e s t  t h e  i n e q u a l i t y  f o r  a l l  continuous 

concave func t ions .  
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procedures  

The r ea l  drawback of a l l  f e a t u r e  reduct ion  proced- 

u r e s  which look f o r  t h e  best s u b s e t  of given c a r d i n a l i t y  i s  

t h a t  t h e  number of such s u b s e t s  ( m )  can be p r o h i b i t i v e l y  

large f o r  any reasonably Large s i z e  problem. I t  might be 

thought t h a t  t h e  f e a t u r e s  t h a t  make up the best subse t  of 

c a r d i n a l i t y  m can be picked up i n  a s e q u e n t i a l  f a sh ion  i n  

t h e  o r d e r  of dec reas ing  d i sc r imina to ry  information.  I n  

f a c t ,  the  s e q u e n t i a l  d e c i s i o n  methods described i n  1 . 2 . 2  

work p r e c i s e l y  i n  t h i s  manner. However, such s e q u e n t i a l  

procedures  can never  be t r u l y  opt imal  f o r  t h e  fo l lowing  rea- 

son--the best s u b s e t  of f e a t u r e s  of c a r d i n a l i t y  k i s  not  

n e c e s s a r i l y  a subse t  of t h e  best s u b s e t  of f e a t u r e s  of car- 

d i n a l i t y  ( k + l ) .  

N 

A simple example i n  F ig .  1 .5  i l l u s t r a t e s  why t h i s  i s  

so .  Each p a t t e r n  i s  described by three f e a t u r e s  ( x l ,  x2 ,  

x3 1; the  two p a t t e r n  classes are d i s t r i b u t e d  on p l anes  

alxf + cl2x~ = ko and a lx l  + azxz = kl r e s p e c t i v e l y .  If 

p r o j e c t e d  onto one of t h e s e  p l a n e s ,  t h e  two c l a s s e s  over lap  

s l i g h t l y  a long the  x3 d i r e c t i o n  as shown. The marginal den- 

s i t i es  of xl, x2 and x3 are roughly as i n d i c a t e d .  I t  is  

clear  t h a t  x3 is t h e  best s i n g l e  f e a t u r e  f o r  d i sc r imina t ion  

s i n c e  t h e  d e n s i t i e s  ove r l ap  leas t .  However, i f  w e  want t o  

cons ide r  two f e a t u r e s ,  x1 and xz a f f o r d  p e r f e c t  discr imina-  

t i o n  depending on whether a, x1 + a2x2 eva lua te s  t o  ko o r  kl 
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MPLE SHOWING SUBOPTIMALITY OF SEQUENTIAL 
FEATURE SELECTION 
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Nei the r  of the  o t h e r  pa i r s  (XI x3)  and ( x 2 ,  x 3 )  can per- 

form as w e l l .  The p o i n t  is  proved s i n c e  x3 $ (xl x2 ) e A 

s e q u e n t i a l  procedure,  which picks up x3 f irst  and r e t a i n s  

i t ,  can never  d i scove r  t h e  perfect p a i r  (xl x2 1 a 

1 . 3  Procedures f o r  Choosing Linear  Combinations of Fea tures  

Having surveyed methods f o r  choosing a s i g n i f i c a n t  

s u b s e t  of f e a t u r e s ,  w e  s h a l l  now cons ide r  t h e  next  simplest 

f e a t u r e  mappings, namely, t hose  which effect  a l i n e a r  t r a n s -  

formation of the  f e a t u r e  space.  The problem i s  t o  choose a 

m X N ( m  < N )  ma t r ix  A such t h a t  t h e  new f e a t u r e s  1 given by 

y = Ax - c o n t a i n  a l l  o r  most of t h e  d i sc r imina to ry  information 

conta ined  i n  t h e  o r i g i n a l  f e a t u r e s  x. Two procedures  given 

i n  t he  l i t e r a t u r e  are o u t l i n e d  below. 

1 . 3 . 1  The Karhunen-Lo&e expansion [ll, 1 2 ,  1 3 ,  141 

- 

Watanabe E l l ]  f i rst  cons idered  t h e  problem of i n f o r -  

mation compression app l i ed  t o  continuous s i g n a l s .  Given a 

cont inuous s i g n a l  { x ( t ) :  t E: (O,T)] with known s t a t i s t i c s ,  

t h e  problem is  t o  map it  i n t o  a f in i te -d imens iona l  v e c t o r  

y = ( y l ,  y 2 ,  . , ym 1 which c o n t a i n s  t h e  maximum p o s s i b l e  

informat ion  about the  continuous s i g n a l ,  i n  some sense.  

L e t  R ( t ,  7 )  = E [ x ( t ) x ( ~ ) ]  be t h e  c o r r e l a t i o n  func- 

t i o n  of the  random process  x ( t )  and l e t  {fii ( t ) )  be t h e  com- 

p l e t e ,  orthonormal set of e igenfunct ions  of t h e  fo l lowing  

i n t e g r a l  equat ion:  
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Fur the r  l e t  t h e  e igenfunct ions  be ordered  i n  such a way t h a t  

> 12 > A3 a (The e igenvalues  can be proved t o  be 

real  and p o s i t i v e . )  

chosen from the ensemble r ep resen t ing  the random process ,  

i n  t e r m s  of { q i  ( t )}  

Now if w e  expand any g iven  s i g n a l  x ( t )  

it can be proved t h a t  the c o e f f i c i e n t s  { y i )  a r e  uncor re l a t ed ,  

and t h a t  Elyi 1 "  = X i .  S ince c o r r e l a t i o n  impl i e s  redundancy 

w e  can expect the  r e p r e s e n t a t i o n  ( y l ,  y 2 ,  e . . 1 t o  be op- 

t ima l  i n  some sense.  I f  w e  cons ide r  only the t r u n c a t e d  ex- 

pansion c y l $ i  (t), Watanabe [ll] proved t h a t  t h e  mapping 
m 

1 - 1  

has the fo l lowing  opt imal  p r o p e r t i e s :  

(i 1 

f u n c t i o n s  and l e t  

L e t  (6, ( t ) )  be any o t h e r  complete set of orthonormal 



Then 

t h a t  i s ,  t h e  co-ordinate  system { Q 1  ( t ) )  minimizes t h e  mean 

square  e r r o r  of approximation. 

(ii) Remembering h i  = Elyi 1 2 ,  l e t  p i  = Elzl 1 2 .  Then, 

m m 

1 = 1  1 = 1  
- c xi l o g  x* * - P i  l o g  P i .  

From w h a t  w a s  sa id  about entropy i n  s e c t i o n  1 . 2 . 3  the  f o l -  

lowing i n t e r p r e t a t i o n  i s  obvious. Phys ica l ly  speaking, t h e  

energy of t h e  s i g n a l  w i l l  t e n d  t o  be concent ra ted  on t h e  

average i n  f e w e r  'modes' i f  the  s i g n a l  is rep resen ted  i n  t h e  

Karhunen-Lohve co-ordinate  system, r a t h e r  than  any o t h e r  

co-ordinate  system. 

T h e  s i g n a l  x ( t ) ,  i n s t e a d  of being i n f i n i t e  dimen- 

s i o n a l ,  can be of l a r g e  but  f i n i t e  dimension, s ay  ( X I ,  xzS  

. . , %). The foregoing  r e s u l t s  s t i l l  apply i f  w e  re- 

p l a c e  ' c o r r e l a t i o n  f u n c t i o n '  by ' c o r r e l a t i o n  matrix '  and 

' e igen func t ions '  by ' e i g e n v e c t o r s . '  The a p p l i c a t i o n  t o  fea- 

t u r e  r educ t ion  i s  obvious--except f o r  t h e  f ac t  t h a t  i n  a 

p a t t e r n  c l a s s i f i c a t i o n  problem t h e  s i g n a l  does not  come 

from a s i n g l e  s t a t i s t i c a l  d i s t r i b u t i o n ;  r a t h e r ,  i t  is 
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genera ted  by s e v e r a l  d i s t r i b u t i o n s  (one corresponding t o  

each p a t t e r n  c l a s s )  each having a p r i o r  p r o b a b i l i t y  asso- 

c ia ted w i t h  it. Chien andFu [13] have shown t h a t  t he  fore-  

going r e s u l t s  s t i l l  ho ld  i f  w e  replace E( * ) by c E(* IH' ) p ( H *  ) * 

I n  o t h e r  words, t h e  averaging has t o  be done w i t h  respect 

t o  a weighted d i s t r i b u t i o n .  The mechanics of t h e  so-ca l led  

1 

' g e n e r a l i s e d  Karhunen-Lo&e expansion'  are as fo l lows  - 
T The c o r r e l a t i o n  matrices E(xx - IHi of each class are 

e i ther  known o r  estimated from samples of known classifica- 

t i o n .  The  e igenvec to r s  { $ * :  i = 1, 2 ,  a . . , N) of the  

average c o r r e l a t i o n  ma t r ix  c E(xx _. IH' ) p ( H *  ) a r e  found and 

arranged i n  the descending o r d e r  of e igenvalues .  Any new 

sample - x can be expressed as a unique l i n e a r  combination 

T 
1 

of the  e igenvec to r s  

Then the mapping 

Y1 
Y2 

- - 

Ym 

achieves f e a t u r e  r educ t ion  opt imal ly  i n  the  s e n s e  described 

above e 
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Unlike any method d i scussed  be fo re ,  t h i s  procedure 

does not  r e q u i r e  complete knowledge of p r o b a b i l i t y  d e n s i t y  

func t ions .  Knowledge about second o r d e r  s ta t is t ics  of the  

p a t t e r n s  i s  s u f f i c i e n t .  

1 .3 .2  Optimizat ion of some c r i t e r i o n  invo lv ing  A 1151 

The problem of choosing the  opt imal  t ransformat ion  

A can be viewed as t h a t  of ob ta in ing  t h e  minimising ( o r  max- 

i m i s i n g )  A w i t h  respect t o  a s u i t a b l e  c r i t e r i o n .  An example 

i s  the  fol lowing.  Suppose p ( x ( @ )  - and p(x lH1)  - are known o r  

can be es t ima ted  from t r a i n i n g  samples. 

d e n s i t i e s  p ( y l A ,  $ 1  and p ( y l A ,  H1) can be computed a s  func- 

t i o n s  of A. W e  might t hen  ask f o r  t he  A which maximizes 

the  d i s t a n c e  between the  transformed p a t t e r n  c l a s s e s  

With y = A x ,  the  

T h e  maximization can be carr ied ou t  by g r a d i e n t  procedures .  

I t  can a l s o  be s u b j e c t e d  t o  c e r t a i n  c o n s t r a i n t s .  For exam- 

ple ,  one can c o n s t r a i n  A t o  be a p r o j e c t i o n  map, 1.e. the  

rows of A are orthonormal. 

The main drawback of such methods i s  t h a t  the  number 

of elements i n  t he  ma t r ix  A can be q u i t e  large f o r  any rea- 

sonably large s i z e  problem. T h e  g r a d i e n t  search w i l l  have 

t o  be undertaken i n  a space of large dimension, making t h e  

approach computat ional ly  d i f f i c u l t .  
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1.4 The Con t r ibu t ion  of t h i s  Thesis  

I n  t h i s  thesis ,  f e a t u r e  r educ t ion  and c l a s s i f i c a t i o n  

techniques  are app l i ed  t o  e lec t roencephalographic  (EEG) sig- 

n a l s .  The  p r o p e r t i e s  of these s i g n a l s  a r e  g iven  i n  d e t a i l  

i n  Chapter 11, which a l s o  describes how two c l a s s e s  of EEG 

p a t t e r n s  a r i s e .  An EEG record  represents a large amount of 

data and e f f i c i e n t  f e a t u r e  r educ t ion  techniques  a r e  no doubt 

r equ i r ed .  

W i t h  t he  except ion  of the Karhunen-Lobe expansion 

desc r ibed  i n  1 .3 .1 ,  every o t h e r  f e a t u r e  r educ t ion  method su r -  

veyed r e q u i r e s  a complete knowledge of t h e  p r o b a b i l i t y  den- 

s i t y  f u n c t i o n s  of t h e  p a t t e r n s  under each c l a s s .  T h i s  re- 

quirement is ha rd ly  s a t i s f i e d  by the  EEG s i g n a l s .  Chapter 

I11 develops a s e q u e n t i a l  f e a t u r e  s e l e c t i o n  method based on 

a d i s t a n c e  measure, which relies only  on the f irst  and sec- 

ond o r d e r  s t a t i s t i c s  of t h e  EEG records .  I n  t h i s  sense ,  

t he  method may be c a l l e d  'non-parametr ic . '  Even t h i s  me-  

thod  becomes unwieldy i f  w e  have t o  base our  d e c i s i o n s  on 

long l e n g t h s  of EEG record ,  

Chapter I V  develops a random process  model f o r  t h e  

EEG s i g n a l s  i n  an' e f f o r t  t o  p u t  some s t r u c t u r e  i n t o  the  

appa ren t ly  d i so rgan i sed  da ta .  T h e  model makes r a t h e r  s t r o n g  

assumptions; however, it is  shown t h a t  c e r t a i n  s t a t i s t i c a l  

and s p e c t r a l  p r o p e r t i e s  of the s i g n a l s  p r e d i c t e d  by the 

model are i n  accord w i t h  t h e  observed f a c t s .  
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Since the  model makes s t r o n g  assumptions, w e  can 

expect a pay-off i n  the  f o r m  of simplified f e a t u r e  r educ t ion  

and c l a s s i f i c a t i o n  procedures .  I n  Chapter V it i s  shown 

t h a t  t h e  model y i e l d s  a v e c t o r  of s u f f i c i e n t  s t a t i s t i c s ,  

whose dimension i s  independent of t he  l eng th  of t he  EEG 

record.  I n  o t h e r  words, t h e  information conta ined  i n  t h e  

whole record  can be summarized by a se t  of numbers, which 

can be cont inuous ly  updated as more d a t a  comes i n .  I t  is 

a l s o  shown t h a t  t h e  opt imal  s e p a r a t i n g  s u r f a c e  i s  l i n e a r  i n  

t e r m s  of these s u f f i c i e n t  s t a t i s t i c s ,  which leads t o  s imple 

c l a s s i f i c a t i o n  procedures .  
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CHAPTER I1 

A QUALITATIVE DESCRIPTION OF EEG 

The f e a t u r e  r educ t ion  techniques  developed i n  t h i s  

thes i s  are g e n e r a l l y  applicable i n  any p a t t e r n  c l a s s i f i c a -  

t i o n  problem, However, t h e y  are i l l u s t r a t e d  w i t h  special 

r e f e r e n c e  t o  t h e  case of electroencephalograms ( E E G ) .  T h i s  

chapter i s  devoted t o  a br ie f ,  q u a l i t a t i v e  d e s c r i p t i o n  of 

r e l e v a n t  p r o p e r t i e s  of EEG s i g n a l s .  It is  hoped t h a t  t h i s  

d i scuss ion  w i l l  he lp  t h e  reader i n  be t te r  a p p r e c i a t i n g  t h e  

r e s u l t s  ob ta ined  i n  l a t e r  c h a p t e r s  e 

2 . 1  Spontaneous EEG 

The t e r m  e lectroencephalography refers t o  the  s tudy  

of t h e  electrical  a c t i v i t y  of the  human b r a i n .  T h i s  elec- 

t r i ca l  a c t i v i t y  i s  u s u a l l y  s t u d i e d  by record ing  p o t e n t i a l  

changes of t h e  o r d e r  of microvol t s  on the  s u r f a c e  of t h e  

scalp. The precise o r i g i n  of t h e s e  p o t e n t i a l s  is no t  y e t  

f u l l y  understood. However, t h e r e  i s  g e n e r a l  agreement t h a t  

the  p o t e n t i a l s  observed on t h e  scalp are due t o  t h e  syn- 

chronous a c t i v i t y  of a large number of cel ls  i n  t h e  b r a i n .  

The EEG p o t e n t i a l s  are p icked  up by e l e c t r o d e s  

arranged i n  t r a n s v e r s e  and l o n g i t u d i n a l  p o s i t i o n s  on the  

scalp as  described by R&mond e t  a l .  e161 The r eco rd ing  may 
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be u n i p o l a r  o r  b i p o l a r ,  I n  t h e  former case t h e  p o t e n t i a l s  

are measured  wi th  r e fe rence  t o  an a r b i t r a r y  l e v e l  ( u s u a l l y  

called the  i n d i f f e r e n t  e l e c t r o d e ) ;  i n  t h e  l a t t e r  case t h e  

p o t e n t i a l s  are measured between pa i r s  of e l e c t r o d e s  on t h e  

scalp. The b i p o l a r  method r e a l l y  measu res  p o t e n t i a l  gra- 

d i e n t s  r a t h e r  t han  p o t e n t i a l s  themselves.  

I n  o r d e r  t o  achieve some degree of r e p r o d u c i b i l i t y  

i n  the r e s u l t s ,  it is  necessary  t h a t  the human s u b j e c t  be 

kept i n  t h e  same psychophysiological  s t a t e  dur ing  d i f f e r e n t  

record ings .  The t e r m  'spontaneous EEG' refers t o  t h e  case 

where t h e  record ing  is  made wi th  t h e  s u b j e c t  i n  an a l e r t  

s t a t e ,  b u t  c u t  o f f  from e x t e r n a l  v i s u a l  o r  a u d i t o r y  s t i m u l i  

i n  a darkened, soundless  room. For  g e n e r a l  experimental  con- 

d i t i o n s  see Anl iker  1431. 

A t  any i n s t a n t  dur ing  the  record ing  of the  EEG, 

t h e  observed p o t e n t i a l  d i f f e r s  from p o i n t  t o  p o i n t  on t h e  

scalp. Therefore ,  a complete d e s c r i p t i o n  of t he  phenomenon 

can only  be g iven  by means of p o t e n t i a l  maps a t  every in s -  

t a n t  of t i m e  C171. The spa t i a l  d i s t r i b u t i o n  of t he  poten- 

t i a l  i s  of some importance i n  medical a p p l i c a t i o n s  of the 

EEG. For  example, i n  most normal s u b j e c t s  t h e  p o t e n t i a l s  

a r e  approximately symmetric about t h e  c e n t e r  l i n e  of t h e  

s k u l l  and any asymmetries are of d i a g n o s t i c  va lue ,  However, 

of g r e a t e r  importance i s  t h e  temporal behavior  of t h e  EEG 

p o t e n t i a l s .  I n  o rde r  t o  s tudy  t h e  temporal behavior ,  t h e  

s p a t i a l  parameter has  t o  be e l imina ted ,  T h i s  can be done 
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by observing t h e  p o t e n t i a l  of only a s i n g l e  e l e c t r o d e  ( i n  

t h e  case of u n i p o l a r  r e c o r d s )  o r  only between a s i n g l e  p a i r  

of e l e c t r o d e s  ( i n  t h e  case  of b i p o l a r  r e c o r d s ) ,  o r  by aver- 

aging t h e  p o t e n t i a l s  of s e v e r a l  e l e c t r o d e s  a s  described by 

Rbmond e t  a l .  

only wi th  the  temporal behavior  of t h e  EEG, which i s  t y p i -  

f i e d  by F i g .  2 . 1 .  

I n  succeeding s e c t i o n s  w e  s h a l l  be concerned 

2 . 1 . 3  S p e c t r a l  a n a l y s i s  [lb, 19 ,  2 0 ,  211 

A s  p o i n t e d  ou t  e a r l i e r ,  t h e  EEG p o t e n t i a l s  i n d i c a t e  

the  g r o s s  a c t i v i t y  of a large number of ce l l s  and t h e r e f o r e  

need a s t a t i s t i c a l  d e s c r i p t i o n .  That i s ,  a g iven  EEG r eco rd  

can be cons idered  as  a sample from a random process .  T h e  

f i rs t  q u e s t i o n  t o  be asked i s  whether t h e r e  are any domin- 

an t  f r equenc ie s  (hidden p e r i o d i c i t i e s )  i n  t h e  f l u c t u a t i n g  

s i g n a l .  The techniques  of s p e c t r a l  a n a l y s i s  ( o r ,  equiva l -  

e n t l y ,  c o r r e l a t i o n  a n a l y s i s )  of random s i g n a l s  can be used 

t o  answer t h i s  ques t ion .  Blackman and Tukey [18] have des- 

cribed how t o  get good e s t i m a t e s  of power s p e c t r a  from f i n -  

i t e  samples of a random process .  T h e  b a s i c  f a c t s  a r e  t h a t  

t h e  e s t i m a t e  gets better i f  t h e  spectrum is  computed from a 

longe r  l eng th  of t h e  s i g n a l ,  and, i n  case w e  have only sam- 

p l e d  va lues  of t h e  s i g n a l ,  t he  r e s o l u t i o n  of t h e  s p e c t r a l  

estimate can be improved by sampling more f r e q u e n t l y ,  V a r -  

i o u s  au thors  [19, 2 0 ,  211 have a p p l i e d  c o r r e l a t i o n  and spec- 

t r a l  t echniques  t o  EEG s i g n a l s .  A t y p i c a l  s p e c t r a l  e s t i m a t e  

of a spontaneous EEG r eco rd  i s  shown i n  Fig.  2 . 2 .  I t  w a s  
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computed from 213 = 8 1 9 2  sampled v a l u e s ,  t h e  sampling i n t e r -  

v a l  be ing  one mi l l i second.  

This  power spectrum e x h i b i t s  most of t h e  typical 

behavior  ascribed t o  such s p e c t r a  i n  t h e  l i t e r a t u r e .  There 

is cons ide rab le  a c t i v i t y  i n  the band of 8.5-10.5 c/s. T h i s  

i s  c a l l e d  t h e  a - a c t i v i t y .  I t  i s  g e n e r a l l y  t r u e  t h a t  t h e  

a-frequency predominates i n  most a l e r t  normal a d u l t  sub- 

jects,  even though t h e r e  are 'nondominant a lpha s u b j e c t s '  

a l s o .  Hereafter, t h e  t e r m  ' a l p h a  frequency '  s h a l l  apply t o  

t h e  mode of t h e  power spectrum. The spectrum has s m a l l e r  

peaks on e i t h e r  s i d e  of t h e  a lpha  frequency--they a r e  t h e  

6 - a c t i v i t y  (0.5-1.5 c/s) ,  t h e  8 - a c t i t i v y  ( 3 - 8  c /s ) ,  t h e  

a - a c t i v i t y  (12-15 c / s ) ,  and t h e  i3-activity (17-20  c / s ) .  I n  

t h i s  thesis ,  w e  s h a l l  be mainly concerned with the  behavior  

of t h e  spectrum nea r  t h e  a lpha  frequency.  

2 . 1 . 4  S t a t i s t i c a l  p r o p e r t i e s  [19] 

F i r s t  and second o r d e r  s t a t i s t i c a l  p r o p e r t i e s  of 

the EEG s i g n a l s  a r e  a l s o  of i n t e r e s t .  I f  an EEG r eco rd  is  

s p l i t  up i n t o  equal  p a r t s ,  with t h e  l e n g t h  of each p a r t  

equal  t o  t h e  p e r i o d  of the  a lpha  frequency and t h e s e  parts 

a r e  averaged, then  it is  found t h a t  t h e  average s i g n a l  is  

n e a r l y  ze ro  as shown by t h e  d o t t e d  l i n e  i n  F ig .  2 . 3 .  

Mathematically,  

K 
p ( t )  = j+ x ( t + i t , )  - 0 ,  o t t, 

i = 1  
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f o r  large K ,  where t, = - 
T h i s  t ends  t o  r u l e  o u t  any ' a d d i t i v e  n o i s e '  models; i f  in -  

deed t h e  ' n o i s e '  w e r e  a d d i t i v e  i n  na tu re ,  i t  would have 

been annul led i n  t h e  average and the  hidden c y c l i c  a c t i v i t y  

would have shown up. Rather ,  it sugges ts  t h a t  the alpha 

a c t i v i t y  t ends  t o  l o s e  i t s  phase coherence w i t h  the  elapse 

of t i m e .  I t  should be remembered t h a t  i f  a large number of 

s inuso ids  w i t h  d i f f e r e n t  phase r e l a t i o n s h i p s  are added, they  

might average t o  zero.  

being the  alpha frequency. 

T h e  second o r d e r  s t a t i s t i c a l  p r o p e r t i e s  are gener- 

a l l y  d isp layed  by means of the autocorrelogram def ined  by 

If x ( t )  i s  a s t a t i o n a r y  random process  w i t h  a u t o c o r r e l a t i o n  

(7) showing t h a t  R T ( T  i s  

It can a l s o  be proved [191 
RXX 

f u n c t i o n  R 

an unbiased estimate of R X X ( 7 ) .  

t h a t  the  va r i ance  of t h i s  estimate i s  p r o p o r t i o n a l  t o  T. 

The Four i e r  t ransform of R T ( 7 )  is of course  the  spectral  

estimate d i scussed  i n  t h e  previous  subsec t ion .  

( 7 )  then  E R T ( 7 )  = 
XX 

1 

A typical autocorrelogram of the spontaneous EEG i s  

shown by the d o t t e d  l i n e  i n  F i g o  2 .4 .  It  exhibits a decay- 

i n g  cos ine  behavior ,  w i t h  i t s  p e r i o d  equal  t o  t h a t  of t h e  

alpha frequency and the  ra te  of decay r e f l e c t i n g  the  band- 

w i d t h  of the  power spectrum around the alpha peak. 
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2.2 EEG w i t h  Phot ic  S t imul i  

The spontaneous EEG, as w e  have seen ,  r e p r e s e n t s  t h e  

e l e c t r i c a l  a c t i v i t y  of the b r a i n  when the s u b j e c t  i s  c u t  o f f  

from e x t e r n a l  v i s u a l  and aud i to ry  s t i m u l i .  Various au thors  

[19? 221  have s t u d i e d  the effect  of a sudden f lash  of l i g h t  

( p h o t i c  s t i m u l u s )  on t h e  observed EEG p o t e n t i a l s ,  If the  

procedure i s  repeated s e v e r a l  t i m e s ,  t h e  s t a t i s t i c a l  average 

of t he  EEG p o t e n t i a l  immediately fol lowing the p r e s e n t a t i o n  

of a s t imulus  would look as shown i n  F i g .  2 . 5 .  ( T h e  s t i m u l i  

should be p resen ted  w i t h  enough t i m e  i n t e r v a l  between them 

t o  reduce the i n e v i t a b l e  c o r r e l a t i o n s ) .  T h e  p o t e n t i a l  

shows a rise (convent iona l ly  EEG p l o t s  have nega t ive  s c a l p  

p o t e n t i a l s  drawn upwards) t o  a peak and then  d i p s  t o  a s m a l -  

l e r  peak i n  t h e  nega t ive  d i r e c t i o n  be fo re  r e t u r n i n g  t o  nor- 

mal. The p e r i q d  of t h i s  o s c i l l a t i o n  is  approximately t h a t  

of t h e  alpha frequency and i t  i s  called the  

f o r  obvious reasons.  Kitaj ima [23 ]  has found t h a t  t he  magni- 

t ude  of t h e  evoked p o t e n t i a l  i s  approximately p r o p o r t i o n a l  

t o  the  logari thm of t h e  f l a s h  i n t e n s i t y .  

The  evoked p o t e n t i a l  can be l ikened  t o  the  impulse 

response of a dynamical system comprising of t h e  b r a i n  and 

t h e  a s s o c i a t e d  n e u r a l  pa ths .  It  i s  of i n t e r e s t  t o  s tudy  

the  dynamic s t e a d y  s ta te  response (frequency response)  of 
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t h i s  system, which can be achieved by p r e s e n t i n g  r e p e t i t i v e  

s t i m u l i  a t  a f ixed r a t e e  The response could then be s t u d i e d  

as a f u n c t i o n  of t h e  s t imu lus  frequency. (The frequency 

response can p r o p e r l y  c h a r a c t e r i z e  only a l i n e a r  t i m e  i n -  

v a r i a n t  system. The system rep resen t ing  t h e  b r a i n  and t h e  

n e u r a l  p a t h s  i s  c e r t a i n l y  more complicated.  

The r e s u l t  of t h e s e  s t u d i e s  [24] has been as fo l lows .  

When t h e  s t imu lus  frequency i s v e r y n e a r  t h e  a lpha  frequency, 

t h e  s t i m u l i  have t h e  effect  of d r i v i n g  t h e  EEG i n t o  reson- 

ance. The power spectrum of t h e  EEG would then  show a shar-  

per peak a t  t h e  a lpha  frequency as i n  F i g .  2 . 6 ,  which should 

be compared wi th  F i g o  2 . 2 .  The s t a t i s t i c a l  p r o p e r t i e s  of 

t h e  s i g n a l  a l s o  undergo a change. The average s i g n a l ,  shown 

by t h e  s o l i d  l i n e  i n  F ig .  2.3,  i s  no longer  ze ro ,  bu t  looks 

very much l i k e  an evoked response i n  Fig.  2.5. The auto- 

correlogram ( s o l i d  l i n e  i n  F ig .  2 .4 )  decays a t  a slower ra te  

r e f l e c t i n g  t h e  decreased bandwidth around t h e  alpha f re- 

quency, I t  i s  as though t h e  s t i m u l i  have t h e  e f f e c t  of 

i n t roduc ing  phase coherence i n t o  t h e  alpha a c t i v i t y ,  

I f  t h e  s t imu lus  frequency i s  s l i g h t l y  d i f f e r e n t  ( s ay  

1 c/s away) from t h e  a lpha  frequency sometimes i t  is  found 

t h a t  t h e  a lpha  frequency locks  onto t h e  new frequency. 

However, i f  t h e  s t imu lus  frequency d i f f e r s  cons iderably  from 

t h e  a lpha  frequency,  t h e  phase coherence i s  l o s t  and once 

more w e  have spontaneous EEG behavior .  Sometimes, t h e  a lpha  

a c t i v i t y  may even be blocked completely.  
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2 . 3  Statement of the Classification Problem 

The problem considered in  this thesis is one of distinguishing 

between a spontaneous EEG record and an  EEG record with photic 

stimuli applied at the alpha frequency. 

instants at which the stimuli a r e  applied a r e  assumed to be known. 

From what has been said before, it i s  clear that i f  we have a suffi- 

ciently long record, we can get a good spectral estimate. 

then compute the energy within a certain narrow band centered a t  

the alpha frequency and, i f  this energy i s  less than a certain threshold, 

the record can be classified as coming from a spontaneous EEG. 

However, i f  we have to make the decision from a short length of the 

record the frequency domain analysis would not be very accurate 

and hence the decisions based on it would not be very reliable. 

In the latter case, the 

We could 

The following time domain approach has been taken by 

physiologists to solve the classification problem using the phase 

coherence (time-locking) feature of the EEG when driven by repetitive 

flashes at the alpha frequency. 

Let t be the time taken by the EEG record in Fig .  2 . 1  to 
P 

attain its maximum positive value after the reference mark (which 

coincides with the stimulus i f  one is present). 

large number of responses known to belong to the same class. 

treated as a random variable; i ts  mean and variance a re  then com- 

puted. 

t i s  evaluated for a 
P 

t is 
P 

If the stimulus were present a t  the beginning of each waveform, 
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then  t h e  va r i ance  of t tends  t o  be sma l l e r  because of t h e  

t ime-locking f e a t u r e .  O n  t h e  c o n t r a r y ,  i f  t h e  s t imulus  w e r e  

absen t ,  t h e r e  i s  no t ime-locking and s o  t h e  va r i ance  of 

t tends  t o  be l a r g e .  The disadvantage of t h i s  method is  

t h a t  a f a i r l y  l a r g e  number of responses  i s  needed t o  g e t  a 

good e s t i m a t e  of t h e  va r i ance  and hence t h e  d e c i s i o n  cannot 

be reached qu ick ly .  Typ ica l ly ,  t h e  number of responses  

needed t o  make a r e l i a b l e  d e c i s i o n  i s  of t h e  order of 600. 

P 

P 

The object  of t h i s  t h e s i s  i s  t o  develop f e a t u r e  

reduct ion  and c l a s s i f i c a t i o n  methods based on s h o r t  l eng ths  

of EEG record  ( t y p i c a l l y  2 0  - 50 p e r i o d s  of t h e  a lpha  fre- 

quency) .  Such methods can be u s e f u l  i n  t h e  c a s e  where t h e  

a p p l i c a t i o n  of t h e  s t i m u l i  may be i n  s h o r t  b u r s t s .  

2 . 4  DescriDtion of Data 

The d a t a  were obta ined  from EEG records  of two d i f -  

f e r e n t  s u b j e c t s .  The p o t e n t i a l s  were recorded by means of 

a p a i r  of e l e c t r o d e s  l o c a t e d  i n  t h e  l e f t  o c c i p i t a l  p a r i e t a l  

a r ea .  The records  w e r e  of 10 minutes d u r a t i o n  i n  each case .  

Stroboscopic  l i g h t  was f l a s h e d  i n t o  t h e  eye of t h e  s u b j e c t  

a t  t h e  f requency of t h e  alpha rhythm. The l i g h t  was p e r i -  

o d i c a l l y  blocked s o  i t  d id  not  reach t h e  eye of t h e  s u b j e c t .  

Thus t h e  e n t i r e  EEG r eco rd  was s p l i t  up i n t o  s e v e r a l  l e n g t h s  

of spontaneous and d r iven  n a t u r e .  Each of t h e s e  l e n g t h s  

was about 25 seconds and so conta ined  approximately 250 
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p e r i o d s  of t h e  a lpha  frequency. The e n t i r e  r eco rd  can be 

s p l i t  up a r b i t r a r i l y  i n t o  ' t r a i n i n g '  and ' t e s t '  samples. 

The cont inuous t i m e  s i g n a l s  were f irst  recorded on 

FM tape and then  digi t ised.  The sampling r a t e  w a s  chosen 

c a r e f u l l y  t o  avoid any d i s t o r t i o n  due t o  ' a l i a s i n g '  [ 2 5 ]  e 

The sampling i n t e r v a l  w a s  t aken  as one mi l l i second.  The 

' f o l d i n g  frequency '  [ 251  would then  be 500 c/s and t h e  fre- 

quency band of i n t e r e s t  ( s ay  0 - 2 0  c/s)  is  f a r  below it. 

There would be 100 sampled va lues  i n  every p e r i o d  of t h e  

alpha frequency . 
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CHAPTER I11 

FEATURE REDUCTION BASED ON A DISTANCE MEASURE 

I n  t h i s  chapter the sampled va lues  of the  EEG w i l l  

be t r e a t e d  a s  f e a t u r e s  i n  a l i n e a r  c l a s s i f i c a t i o n  scheme, 

Sec t ion  3 . 1  d e a l s  w i t h  the  case where a c l a s s i f i c a t i o n  is 

sought on the  b a s i s  of a l eng th  of EEG record  equal  t o  one 

p e r i o d  of the a lpha  frequency,  t h a t  i s ,  on the b a s i s  of 100 

f e a t u r e s  (remembering t h a t  one p e r i o d  of t h e  alpha frequency 

i s  appr ix imate ly  100 mi l l i s econds  and t h a t  t he  sampling i n t e r -  

v a l  i s  one m i l l i s e c o n d ) .  An a lgor i thm,  based on a s t a t i s t i -  

c a l  d i s t a n c e  measure between the  two p a t t e r n  c l a s s e s ,  i s  

developed t o  p i ck  out  s i g n i f i c a n t  ones among the  100 f e a t u r e s .  

A f e a t u r e  of t he  a lgor i thm is  t h a t  t he  computations involved 

i n  t he  f e a t u r e  r educ t ion  a l s o  y i e l d  t he  opt imal  l i n e a r  sep- 

a r a t i n g  s u r f a c e .  However, i t  i s  found t h a t  e r r o r  rates of 

about 20% occur because of t he  i n h e r e n t  ove r l ap  of the two 

p a t t e r n  c l a s s e s  i n  100 dimensional space.  Sec t ion  3.2 

extends t h e  a lgor i thm t o  the  c a s e  where the c l a s s i f i c a t i o n  

is  based on a l e n g t h  of EEG r eco rd  which is a m u l t i p l e  of 

the p e r i o d  of t h e  a lpha  frequency. It i s  shown tha t  by bas- 

i n g  t h e  d e c i s i o n s  on a s u f f i c i e n t  l e n g t h  of EEG ( 2 0  - 50 

p e r i o d s  of the  a lpha  f requency)  the e r r o r  r a t e  can be brought 

down t o  1% o r  less, I n  the fo l lowing ,  t he  word 

connotes the l e n g t h  of the  EEG r eco rd  between two success ive  

s t roboscop ic  f l a s h e s ,  whether o r  n o t  t hey  a r e  seen by t h e  
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s u b j e c t  

One p o s s i b l e  f i g u r e  of m e r i t  which measures the 

e f f e c t i v e n e s s  of any p a r t i c u l a r  f e a t u r e  f o r  d i sc r imina t ion  

purposes i s  the  normalised square of the  d i s t a n c e  between 

t h e  means (which i s  a l s o  a d i s t a n c e  measure between the dis- 

t r i b u t i o n s  of the  two p a t t e r n  c l a s s e s )  

( 3 . 1 )  

where pi  and C T ~  I denote the mean and the va r i ance  of f e a t u r e  

xi under c l a s s  j .  

When w e  examine t h e  combined e f f e c t i v e n e s s  of a 

group of f e a t u r e s ,  w e  have t o  take i n t o  account the  c o r r e l a -  

t i o n s  between f e a t u r e s .  T h e  d i s t a n c e  measure g e n e r a l i s e s  t o  

where - pj  and CJ are t h e  mean v e c t o r  and covariance ma t r ix  

of t he  f e a t u r e s  under cons ide ra t ion  f o r  t h e . d i s t r i b u t i o n  of 

p a t t e r n  c l a s s  j .  

T h i s  d i s t a n c e  measure, which i s  sometimes called 

the Mahalanobis D" s t a t i s t i c  [26], can be e x p l i c i t l y  related 
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C27, 281 t o  t h e  Bayes error i f  t h e  p a t t e r n  classes are Gaus- 

s i a n  w i t h  equal  covariance matrices, N ( g o ,  c )  and N(&' c )  

r e s p e c t i v e l y .  The Bayes s e p a r a t i n g  s u r f  ace,  assuming equal  

p r i o r  p r o b a b i l i t i e s  and equal  c o s t s  of m i s c l a s s i f i c a t i o n ,  is 

or 

The dec i s ion  r u l e  i s  t o  c l a s s i f y  x under €f' i f  t h e  l e f t  hand 

express ion  is  p o s i t i v e  and under H1 i f  t h e  l e f t  hand expres- 

s i o n  is negat ive .  The express ion ,  being a l i n e a r  transforma- 

t i o n  of a Gaussian v e c t o r ,  is i t se l f  a Gaussian scalar .  I t  

is  e a s i l y  s e e n  t h a t  i f  - x c Hi t h e  express ion  is N ( m i ,  01, 

where 

- 

m, 
1 
2 

= -  

Hence t h e  Bayes e r r o r  i s  given by 
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mn 

from which it i s  seen t h a t  P is  a monotonically dec reas ing  

func t ion  of d. Hence maximisation of d ensures  minimisation 

of P * 

e 

e 
I f  t h e  p a t t e r n  classes are Gaussian wi th  unequal 

covariance matrices, N ( p o ,  co and N ( p l ,  C1 r e s p e c t i v e l y ,  

i t  can be shown t h a t  t h e  d i s t a n c e  measure can be related t o  

t h e  B-distance of 1 .2 .4  i n  t h e  fo l lowing  way. 

C0 +cl ) det ( - 1 d + - l n  2 
1 
4 

B = -  

If w e  l e t  - -  I-I = p0 - a_ 1-1' and C = Co + C1 equat ion  (3 .2 )  

can be w r i t t e n  ,as 

13.3) 

Equation ( 3  e 3 )  sugges ts  a s e q u e n t i a l  a lgori thm f o r  

f e a t u r e  s e l e c t i o n .  At each step,  t h e  proposed algori thm 

would choose t h e  f e a t u r e  which leads t o  a maximum i n c r e a s e  

i n  t h e  d i s t a n c e  measure. I f  n f e a t u r e s  have a l r eady  been 

chosen, 
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where - IJ. is  a n X 1 v e c t o r  of t h e  d i f f e r e n c e  i n  means a n d - z  

is  t h e  n X n ma t r ix  of t he  sum of t he  covar iances .  If a 

new f e a t u r e  & + I  i s  added, 

where i s  the  s c a l a r  d i f f e r e n c e  i n  means f o r  & + I  on+l 

i s  the  s c a l a r  va r i ance  of q+l and C i s  a n X 1 v e c t o r  whose 

components are t h e  covar iances  between the new f e a t u r e  X n + l  

and t h e  o l d  f e a t u r e s  x1 through x, e Applying t h e  Frobenius 

i n v e r s i o n  formula* [ 2 9 ]  it i s  easy  t o  see t h a t  

a, + 1  I 

1 I 
I 

T I T - c Y - l c i D n + 1 - c  C'lC 
I 
I 

L I d 
R + RBA'ICR - RBA- 
- A - ~ c R  A- 1 Then P"l = 

+ 1  
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The f e a t u r e  which maximises d,,+, - d, is  chosen as t h e  next  

f e a t u r e  t o  be included.  

The fo l lowing  fac ts  emerge from t h i s  express ion  f o r  

t h e  i n c r e a s e  i n  t h e  d i s t a n c e  measure. They a r e  proved i n  

t h e  Appendix. 

i )  Since any covariance ma t r ix  i s  a t  l eas t  p o s i t i v e  s e m i -  

d e f i n i t e ,  it can be proved t h a t  

(Jn + 1  
T - , c  C'lc 2 0 

which impl ies  

Therefore ,  b r ing ing  i n  an a d d i t i o n a l  f e a t u r e  can never  worsen 

t h e  d i s c r i m i n a t i n g  capac i ty  of t h e  f e a t u r e s  a l ready  chosen. 

ii 1 The i n c r e a s e  i n  d i s t a n c e  i s  zero  i f  t h e  new f e a t u r e  

+ 1  i s  a l i n e a r  combination of t h e  o l d  f e a t u r e s  (XI , x2 

. e .  , % I .  

iii The i n c r e a s e  i n  d i s t a n c e  i s  i n f i n i t e  i f  t h e  two clas- 

ses a r e  s i n g u l a r l y  d i s t r i b u t e d  on s e p a r a t e  hyperplanes i n  

( n  + 1) dimensional space.  

i v  Since 
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and 

it  i s  seen t h a t  the  a lgor i thm chooses the ( n  + 11 th  f e a t u r e  

i n  the  same manner as  it chooses t h e  first one, except  t h a t  

t h e  mean and t h e  va r i ance  now refer  t o  the  c o n d i t i o n a l  dis- 

t r i b u t i o n  of xn + 1  , given  t h a t  t h e  previous  f e a t u r e s  XI 

through x, are a l l  zero .  

3 . 1 . 3  D e t a i l s  of t h e  algori thm 

i )  Using a s u f f i c i e n t l y  l a r g e  t r a i n i n g  s e t ,  e s t i m a t e s  of 

the  N X 1 v e c t o r  of the d i f f e r e n c e  i n  means, and t h e  N X N 

ma t r ix  of the  sum of t h e  covar iances  are obta ined .  

ii f The f irst  f e a t u r e  x i  i s  chosen such t h a t  

iii 1 A t  each subsequent step, the  i n c r e a s e  i n  the d i s t a n c e  

measure - d, is  computed f o r  each of t h e  remaining 

f e a t u r e s .  T h e  f e a t u r e  which gives rise t o  t h e  maximum i n -  

crease is  chosen. 

i v  1 Having chosen the  best f e a t u r e ,  the  i n v e r s e  covar i -  

ance ma t r ix  C1 is  updated according t o  t h e  Frobenius inver -  

s i o n  formula.  

V I  The best s e p a r a t i n g  hyperplane i n  t he  subspace spanned 

by the f e a t u r e s  chosen s o  f a r  i s  
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x + a o = O  T a - o p t  *- 

where 

The weight ing v e c t o r  U and the  t h r e s h o l d  are computed. 

(The o p t i m a l i t y  of t h i s  hyperplane i s  d i scussed  i n  3 .1 .4 . )  

v i  1 The p rocess  i s  s topped e i the r  a f t e r  a l l  f e a t u r e s  have 

been exhausted o r  when t h e  i n c r e a s e  i n  d i s t a n c e  i s  smaller 

than a preset va lue .  

3.1.4 Optimali ty  of t he  algori thm 

--opt. 

As po in ted  out  i n  1 . 2 . 5 ,  it i s  an i n h e r e n t  charac- 

t e r i s t i c  of t h e  f e a t u r e  reduct ion  problem t h a t  no s e q u e n t i a l  

a lgor i thm can be t r u l y  opt imal .  T h i s . i s  s o  because t h e  best 

s u b s e t  of n f e a t u r e s  i s  not n e c e s s a r i l y  a s u b s e t  of t h e  best 

s u b s e t  of ( n  + 1) f e a t u r e s .  Only by an exhaus t ive  sea rch  of 

a l l  ( n )  p o s s i b l e  f e a t u r e  combinations,  a t  each step, one can 

c o n s t r u c t  a t r u l y  opt imal  scheme; however, such an exhaus t ive  

N 

search r a p i d l y  becomes i n f e a s i b l e  as the  t o t a l  number of 

f e a t u r e s  i n c r e a s e s  

Subjec t  t o  t h i s  q u a l i f i c a t i o n ,  the  algori thm is  o p t i -  

m a l  i n  t h e  sense  t h a t ,  a t  each s tep,  it picks the p a r t i c u l a r  

f e a t u r e  which adds most t o  t h e  e f f e c t i v e n e s s  of t h e  f e a t u r e  
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se t  a l r eady  chosen. Moreover, the p a r t i c u l a r  weighting vec- 

given by equation’ ( 4 )  maximises the Fisches cri- op t  * t o r  a 

t e r i o n  [30], which is expressed by 

and i n t e r p r e t e d  a s  t h e  r a t i o  of t h e  i n t e r c l a s s  d i s t a n c e  t o  

t h e  i n t r a c l a s s  d i s p e r s i o n  along t h e  d i r e c t i o n  - a. 
3.1.5 Resul t s  

A t r a i n i n g  set  of 2000 responses  of known c l a s s i f i -  

c a t i o n ,  roughly equa l ly  d iv ided  between t h e  two p a t t e r n  

c lasses ,  was used t o  compute t h e  mean v e c t o r s  and covariance 

mat r ices .  The s e p a r a t i n g  s u r f a c e s  given by t h e  a lgori thm 

were tes ted a g a i n s t  a t e s t  set  of 1000 responses.  F ig .  3 . 1  

shows how the  a c t u a l  e r r o r  r a t e  comes c l o s e  t o  t h e  predicted 

e r r o r  r a t e  base,d on a Gaussian model. T h i s  f a c t  also seems 

t o  j u s t i f y  the s t a t i o n a r i t y  assumption i m p l i c i t  i n  t h i s  

approach, s i n c e  the  t r a i n i n g  and tes t  sets w e r e  s epa ra t ed  by 

about two minutes of EEG record.  

I t  i s  a l s o  c lear  t h a t  d e c i s i o n s  based on a small num- 

ber of important  f e a t u r e s  do almost as w e l l  as t h o s e  based 

on a much larger  number of f e a t u r e s .  T h i s  leads t o  t h e  con- 

c l u s i o n  t h a t  d i sc r imina to ry  informat ion  is  con ta ined  i n  the 

l o w  f r equenc ie s  ( say  0 - 20 c / s ) .  The best two f e a t u r e s  

correspond t o  the p o s i t i v e  and nega t ive  peaks-of the average 
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evoked response 

The  e r r o r  r a t e  cannot be brought below about 20% by 

d e c i s i o n s  based on a s i n g l e  response alone.  F ig .  3 . 2 ,  which 

i s  a p l o t  of t h e  p a t t e r n s  i n  t h e  two-dimensional subspace 

spanned by the  best two f e a t u r e s ,  exp la ins  why t h i s  i s  SO. 

There i s  cons ide rab le  ove r l ap  between t h e  two classes as a 

r e s u l t  of the  large va r i ances  of t he  f e a t u r e s  w i t h i n  each 

p a t t e r n  class e 

3 . 2 .  Decis ions Based on More Than One Response 

3.2.1 E f f e c t  of c o r r e l a t i o n s  between responses  

W e  have seen tha t  the poor  e r r o r  r a t e  i n  r ecogn i t ion  

r e s u l t s  from the  l a r g e  d e v i a t i o n s  of t he  i n d i v i d u a l  responses  

of each type  from the  average response of t he  same type.  One 

way of circumventing t h i s  d i f f i c u l t y  would be t o  average 

s e v e r a l  s t a t i s t i c a l l y  independent responses  known t o  belong 

t o  the same p a t t e r n  c l a s s ;  the d e c i s i o n  would be based on 

the  average response.  It  i s  w e l l  known t h a t  averaging K 

s t a t i s t i c a l l y  independent random v a r i a b l e s  reduces the v a r i -  

ance by a f a c t o r  of K. 

T h e  implementation of t he  averaging o p e r a t i o n  would 

be rather d i f f i c u l t .  T h i s  i s  s o  because the  responses  t o  be 

averaged w i l l  have t o  be p icked  ou t  a t  random p o i n t s  i n  t i m e  

from t h e  EEG r eco rd ,  i f  t hey  a r e  t o  be s t a t i s t i c a l l y  indepen- 

dent .  I n  o t h e r  words, d e c i s i o n s  cannot  be made i n  r e a l  t i m e .  
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R e a l  t i m e  ope ra t ion  would be a ve ry  desirable c h a r a c t e r i s t i c  

of any pract ical  scheme. 

I f  t h e  d e c i s i o n  i s ' t o  be based on s e v e r a l  consecu- 

t i v e  responses  on t h e  EEG r eco rd ,  w e  cannot a f f o r d  t o  disre- 

gard t h e  c o r r e l a t i o n s  between them. A simple example i n  

F i g ,  3.3 w i l l  i l l u s t r a t e  t h e  e f f e c t s  of p o s i t i v e  and nega t ive  

c o r r e l a t i o n s  upon t h e  decision-making p rocess .  L e t  u s  con- 

s ider  t h e  case where t h e  two p a t t e r n  classes are normally 

d i s t r i b u t e d  N ( 0 ,  1) and N ( 1 ,  1) r e s p e c t i v e l y .  x1 and x2 are 

two success ive  measurements from t h e  same class.  I t  is  

obvious t h a t  i f  x1 and x2 are p o s i t i v e l y  c o r r e l a t e d ,  two 

measurements are not  much bet ter  than  one f o r  d i sc r imina t ion ;  

whereas, if x1 and x2 are nega t ive ly  c o r r e l a t e d ,  they  t e n d  t o  

l i e  on e i t h e r  s ide  of t h e  mean and con ta in  much greater 

information t h a n  x1 alone.  

3.2.2. The algori thm 

The algori thm i s  e s s e n t i a l l y  t h e  same as  i n  t h e  s i n g l e  

response case, except t h a t  t h e  a v a i l a b l e  se t  of f e a t u r e s  now 

extends over  K consecut ive  responses .  L e t  t h e s e  be denoted 

by - x ( l ) ,  - ~ ( 2 1 ,  . . . 9 -  x ( K ) ,  each being a N-dimensional vec- 

t o r .  The NK X 1 v e c t o r  of t h e  d i f f e r e n c e  i n  means i s  
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where - u ( i )  = E e [ x ( i ) ]  - - E H 1 [ ~ ( i ) ] .  

t h e  sum of covar iances  i s  

The NK X NK ma t r ix  of 

where each C i s  a . N  X N mat r ix  and 

It i s  reasonable  t o  assume s t a t i o n a r i t y  i n  ,he sense t h a t  

and 

C,, = C l l - J ~  i f  i < j 

T = C I ~ - ~ I  i f  i > j .  

Now t h e  d i s t a n c e  measure becomes 
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It i s  easy  t o  see t h a t  if a l l  the  C ' s  except CO are zero  

( t h a t  is ,  if the  K consecut ive  responses  are a l l  s t a t i s t i -  

c a l l y  independent ) ,  

and the d i sc r imina to ry  information conta ined  i n  K consecu- 

t i v e  responses  would be K t i m e s  t h a t  conta ined  i n  a s i n g l e  

response.  However, i n  practice, because of t h e  p o s i t i v e  

c o r r e l a t i o n s  t h a t  e x i s t  between consecut ive  responses  

The a lgor i thm n a t u r a l l y  f avor s  t h o s e  f e a t u r e s  which are leas t  

p o s i t i v e l y  correlated w i t h  t h e  ones a l ready  chosen. The 

s i g n i f i c a n t  f e a t u r e s  are picked o u t  from one response a t  a 

t i m e  as follows. The s ingle-response a lgor i thm is  applied 

t o  - x ( l )  and the  optimum l i n e a r  combination 
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i s  obta ined .  y1 is  now combined w i t h  x ( 2 )  t o  y i e l d  a (N + 1)- - 
dimensional p a t t e r n  v e c t o r  (y1, ~ ( 2 ) )  f o r  which t h e  v e c t o r  

of t h e  d i f f e r e n c e  i n  means i s  (a. 

of the  sum of covar iances  is  

- 
( l ) u ,  p )  and t h e  ma t r ix  _ . -  --.opt * 

The s i n g l e  response algori thm i s  aga in  app l i ed  t o  produce 

the  best l i n e a r  combination of t h e  ( N + 1 )  f e a t u r e s .  The  

p rocess  con t inues ,  the  p a t t e r n  v e c t o r  always being of dimen- 

s i o n  (N + 1). 
3 . 2 . 3  Resu l t s  

I n  t he  a c t u a l  a p p l i c a t i o n ,  t he  responses  w e r e  discre- 

t ised i n t o  20 va lues  (N = 20) t o  f a c i l i t a t e  s t o r a g e  of sev- 

e r a l  c o r r e l a t i o n  ma t r i ces  (K = 40) .  F i g .  3.4 shows how the 

d i s t a n c e  measure i n c r e a s e s  and predicted e r r o r  r a t e  (based on 

a Gaussian model) decreases  as  more responses  a r e  used t o  

a r r i v e  a t  a dec i s ion .  The a c t u a l  e r r o r  r a t e  d e v i a t e s  some- 

what from t h e  p r e d i c t e d  one ( u n l i k e  i n  the  s i n g l e  response 

case). Thus the  Gaussian model may n o t  be adequate t o  des- 

cribe the  j o i n t  d i s t r i b u t i o n  of s e v e r a l  p a t t e r n  v e c t o r s .  

F i g .  3.5 compares t h e  performance of t h i s  scheme t o  

the simple averaging technique  us ing  the  same number of 

responses  and f e a t u r e s .  It  is seen t h a t  the  averaging 

method performs poor ly  f o r  small  numbers of responses ,  
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b u t  does better than  the  complex scheme when the  number of 

samples averaged exceeds 1 2 .  The  explana t ion  f o r  t h i s  

phenomenon perhaps l i es  i n  the  assumptions underlying the  

two schemes. The  averaging method r e q u i r e s  t h a t  t he  d e n s i t y  

f u n c t i o n  p [ x ( i > ]  - be independent of i. T h e  more complex 

scheme r e q u i r e s  t h a t  t he  j o i n t  d e n s i t y  f u n c t i o n  of K respon- 

ses, p[x(i), - x ( i  + 11, . e 9 . -  x ( i  + K - 111, be independent 

of i, which is  c e r t a i n l y  a more s t r i n g e n t  assumption (sta- 

t i o n a r i t y  of higher  o r d e r )  which i s  less l i k e l y  t o  be satis-  

f i e d  i n  practice. What i s  more, the  o rde r  of s t a t i o n a r i t y  

r equ i r ed  i n c r e a s e s  as more responses  a r e  used t o  make a deci- 

s i o n ,  and some d e t e r i o r a t i o n  i n  performance i s  only t o  be 

expected. 
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CHAPTER I V  

THE RANDOM PROCESS MODEL 

4 . 1  A Preview 

This  s e c t i o n  i s  w r i t t e n  e s p e c i a l l y  f o r  t hose  r eade r s  

who are i n t e r e s t e d  i n  t h e  EEG from a p h y s i o l o g i c a l  p o i n t  of 

view. Only an i n t u i t i v e  feel  of some concepts  a s s o c i a t e d  

wi th  a random process ,  such as mean, va r i ance ,  c o r r e l a t i o n  

and power spectrum, i s  assumed on t h e  p a r t  of t h e  reader. 

N o  mathematical  d e t a i l s  are g iven .  Such readers are advised 

t o  proceed d i r e c t l y  t o  Sec t ion  4.5 a f t e r  reading  through t h i s  

s e c t i o n .  One who i s  mathematically i n c l i n e d  can f i n d  a l l  

t h e  de ta i l s  i n  Sec t ions  4 . 2 ,  4 . 3  and 4.4.  

A s  p o i n t e d  ou t  i n  Sec t ion  1 . 4 ,  t h e  modelling e f f o r t  

i s  motivated by t h e  hope t h a t  by p u t t i n g  some s t r u c t u r e  i n t o  

t h e  EEG d a t a ,  more e f f i c i e n t  f e a t u r e  r educ t ion  and c lass i f i -  

c a t i o n  techniques  might be developed. The EEG n a t u r a l l y  

r e q u i r e s  a s t a t i s t i c a l  d e s c r i p t i o n ,  s i n c e  i t  i n d i c a t e s  t h e  

combined a c t i v i t y  of a large popu la t ion  of cel ls  i n  t h e  

b r a i n .  Technica l ly ,  a g iven  EEG r eco rd  should be cons idered  

as a sample obta ined  from an under ly ing  random process ,  and 

e f f o r t s  should be directed towards modelling t h i s  underlying 

p rocess .  Any model developed should adequately e x p l a i n  

observed s t a t i s t i c a l  p r o p e r t i e s  of t h e  spontaneous EEG, such 

as t h e  behavior  of t h e  average s i g n a l  and t h e  autocorrelogram, 
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It should a l s o  exp la in  t h e  spectral p r o p e r t i e s  of t h e  spon- 

taneous EEG, p a r t i c u l a r l y  t h e  concen t r a t ion  of power i n  a 

narrow band around the a lpha  frequency. Besides, the model 

should be capable of being modified t o  exp la in  t h e  change i n  

t h e  s t a t i s t i c a l  and spectral  p r o p e r t i e s  when the  EEG is  d r iven  

by r e p e t i t i v e  s t i m u l i  a t  the a lpha  frequency. The s t a t i s t i -  

ca l  and s p e c t r a l  a t t r i b u t e s  are s i n g l e d  ou t  because they  are 

common t o  a large number of s u b j e c t s .  The s t a t i s t i c a l  model 

would no t  be expected t o , e x p l a i n  p e c u l i a r i t i e s  which might be 

observed only  in f r equen t ly .  

It is  necessary  t o  examine some of t h e  models pro- 

posed i n  t h e  l i t e r a t u r e  f o r  spontaneous EEG. A s t r a i g h t f o r -  

w a r d  approach is  t o  model t h e  spontaneous EEG s i g n a l  as a 

narrow band Gaussian p rocess .  This  model implies t h a t  the  

sampled va lues  of t h e  s i g n a l  obey a m u l t i v a r i a t e  normal dis- 

t r i b u t i o n  i n  t h e  s t a t i s t i c a l  sense .  A l s o ,  t h e  c o r r e l a t i o n  

between any two sampled va lues  as a func t ion  of t h e  i n t e r v a l  

between the sampling i n s t a n t s  should  be such t h a t  t h e  random 

process  has  a narrow band spectrum around a c e n t r a l  frequency. 

Such a model can be termed ' l i n e a r '  because i t  can be ob- 

t a i n e d  by l i n e a r  ope ra t ions  (pas s ing  through a l i n e a r  net-  

work i n  a p h y s i c a l  s e n s e )  on t h e  most elementary random pro- 

cess, namely, t h e  white  Gaussian no i se  ( t h a t  i s ,  a Gaussian 

p r o c e s s  wi th  an i d e a l l y  f l a t  spectrum).  The r e v e r s e  i s  a l s o  

t r u e ;  i t  i s  p o s s i b l e  t o  e x t r a c t  Gaussian white  no i se  from a 

Gaussian narrow band p rocess  by a l i n e a r  t ransformat ion .  
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A more s o p h i s t i c a t e d  approach i s  t o  perform an 

amplitude and phase a n a l y s i s  of the EEG and t r y  t o  g i v e  s t a t -  

i s t i c a l  d e s c r i p t i o n s  of these parameters e T h i s  approach is  

c o n s i s t e n t  w i t h  the  p h y s i c a l l y  appeal ing assumption t h a t  t he  

b r a i n  con ta ins  a large number of ' o s c i l l a t o r s ,  ' all of them 

a t  the  alpha frequency, bu t  w i t h  d i f f e r e n t  phase r e l a t i o n -  

ships. The phase p rocess  i s  u s u a l l y  modelled a s  a l inear  

t ransformat ion  of w h i t e  Gaussian noise .  T h e  s t a t i s t i c s  of 

the amplitude are n o t  very  impor tan t ,  e s p e c i a l l y  f o r  classi-  

f i c a t i o n  purposes ,  a s  w i l l  be seen  i n  Chapter V .  The model 

i s  termed ' n o n l i n e a r '  because of t h e  non l inea r  r e l a t i o n s h i p  

between t h e  s i g n a l  and i t s  phase. 

To t h e  a u t h o r ' s  knowledge, there has not  been an 

attempt t o  extend any of the  above models t o  t h e  case of t h e  

EEG d r iven  by r e p e t i t i v e  s t i m u l i  a t  t he  a lpha  frequency. 

The proposed non l inea r  model, which bridges t h i s  gap, i s  as 

fol lows.  

L e t  t he  EEG s i g n a l  be r ep resen ted  by s i n  ( w a t  + e ( t ) ) ,  
where the  t o t a l  phase i s  made up of two pa r t s - - ( i )  a non- 

random pa r t  w a t  due t o  t he  alpha frequency f a  = 5 2n' 
a random pa r t  If the  random par t  8 ( t )  w e r e  ze ro ,  the  

t o t a l  phase would i n c r e a s e  l i n e a r l y  a t  a ra te  determined by 

the  alpha frequency and the  s i g n a l  would be a pu re  s i n u s o i d  

a t  the alpha frequency, T h e  effect of t he  randomness 

expressed by 8 ( t )  is t o  make t h e  s i g n a l  d e v i a t e  from its pure  

s i n u s o i d a l  shape and make i t  look l i k e  a random s i g n a l .  The 

and (11) 
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amplitude i s  assumed t o  be cons t an t  f o r  s i m p l i c i t y .  

L e t  u s  now t u r n  t o  the s t a t i s t i c s  of the random pro- 

cess 8 ( t )  * I n  t h e  case of t he  spontaneous EEG, 6 ( t )  is  

modelled as a zero  mean Brownian process .  Now the  Brownian 

p rocess  i s  one of the most important  p h y s i c a l  random proces-  

ses and has been s t u d i e d  i n  great d e t a i l ,  Imagine a par t ic le  

which can move along a s t r a igh t  l i n e  and which i s  i n i t i a l l y  

a t  the  o r i g i n .  A t  t i m e s  A t ,  2 A t ,  3At, . l e t  t h e  p a r t i c l e  

be given displacements  x1 x 2 ?  x,, e e which are indepen- 

dent  and normally d i s t r i b u t e d  w i t h  z e ro  mean and va r i ance  0 .  

A f t e r  k such displacements  the  p o s i t i o n  of t h e  par t ic le  i s  

given by x1 + x2 C e 0 + X k  which has ze ro  mean and v a r i -  

ance ka. Thus it i s  seen  t h a t ,  even though t h e  mean p o s i t i o n  

of the par t ic le  is  always a t  the  o r i g i n ,  t h e  u n c e r t a i n t y  i n  

i t s  p o s i t i o n ,  as expressed by i t s  va r i ance ,  i n c r e a s e s  l i n e a r -  

l y  i n  t i m e .  A s  A t  + 0 ,  w e  can imagine t h e  p a r t i c l e  be ing  

g iven  cont inuous displacements  and i t s  p o s i t i o n  x ( t )  i s  t h e n  

def ined  t o  be a zero  mean Brownian process .  I n  gene ra l ,  t h e  

i n i t i a l  p o s i t i o n  may a l so  have an u n c e r t a i n t y  about t h e  o r i -  

g i n ;  i t s  va r i ance  then  merely adds t o  t h e  va r i ance  of t h e  

p rocess  a t  any i n s t a n t ,  The Brownian p rocess  can be ob ta ined  

by p a s s i n g  w h i t e  Gaussian n o i s e  through an i n t e g r a t i n g  

network. 

Revert ing t o  t h e  EEG s i g n a l ,  t h e  effect  of a Brown- 

i a n  component i n  t h e  t o t a l  phase of the s i g n a l  i s  t o  make the 

u n c e r t a i n t y  i n  t h e  d e v i a t i o n  from pure  s i n u s o i d a l  behavior  
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i n c r e a s e  l i n e a r l y  i n  t i m e .  This  i s  seen c l e a r l y  i n  F i g .  

4 .1 ,  which shows t h e  a c t u a l  phase h i s t o r i e s  of s e v e r a l  s h o r t  

l eng ths  of spontaneous EEG. (The precise method of de t e r -  

mining t h e  phase i s  described i n  t h e  next  c h a p t e r . )  The 

u n c e r t a i n t y  i n  t h e  phase mani fes t s  i t s e l f  a s  a d i s p e r s i o n  Of 

phase va lues  around t h e  mean va lues  r ep resen ted  by t h e  

s t r a i g h t  l i n e  corresponding t o  t h e  a lpha  frequency. The 

s t anda rd  d e v i a t i o n  of e ( t )  i n c r e a s e s  a s  f i ,  which exp la ins  

t h e  cu rva tu re  i n  t h e  l i n e s  showing t h e  1- 0 bounds of phase 

d i spe r s ion .  

The r e s t o r a t i o n  of phase coherence by r e p e t i t i v e  

s t i m u l i  a t  t h e  a lpha  frequency can be explained a s  fo l lows .  

The component u t )  would s t i l l  be a 3rownian p rocess  between 

any two success ive  s t i m u l i .  The s t i m u l i ,  however, have t h e  

e f fec t  of r e s t o r i n g  t h e  u n c e r t a i n t y  t o  i t s  i n i t i a l  va lue .  

I n  e f f ec t ,  8 ( t )  is s p l i t  i n t o  s e v e r a l  Brownian p rocesses ,  

which, however, are assumed t o  be c o r r e l a t e d  among them- 

s e l v e s .  The c o r r e l a t i o n s  a r e  assumed t o  f a l l  o f f  i n  a geo- 

m e t r i c a l  f a sh ion .  F i g .  4 . 2 ,  ob ta ined  from an a c t u a l  EEG 

r eco rd  wi th  r e p e t i t i v e  s t i m u l i ,  shows how t h e  phase disper- 

s i o n  i s  c o n t r o l l e d  by t h e  s t i m u l i .  

It  i s  proved mathematical ly  i n  Sec t ions  4 . 3  and 4.4 

t h a t  t h e  s t a t i s t i c a l  and spectral  p r o p e r t i e s  of t h e  processes  

desc r ibed  above correspond t o  t h e  observed p r o p e r t i e s  of t h e  

two types of EEG cons idered ,  The r e a d e r  who i s  n o t  i n t e r e s -  

ted i n  mathematical d e t a i l s  should  proceed i n  Sec t ion  4 * 5 ,  

which compares t h e  p r e d i c t e d  and a c t u a l  p r o p e r t i e s  e 
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4 . 2 . 1  The l i n e a r  model [19] 

The EEG i s  modelled as a sample from a s t a t i o n a r y  

Gauss-Markov' p r o c e s s ,  which i t s e l f  i s  modelled as t h e  Output 

of a l i n e a r  dynamical system exc i ted  by whi te  Gaussian n o i s e .  

Under c e r t a i n  c o n d i t i o n s ,  i t  can be proved r311 t h a t  t h e  Out- 
I 

p u t  of such a system i s  a sympto t i ca l ly  a s t a t i o n a r y ,  Gauss- 

Markov process .  Moreover-. such a p r o c e s s  i s  uniquely  deter- 

mined by i.ts f i r s t  and second o r d e r  s t a t i s t i c a l  p r o p e r t i e s ,  

namely. t h e  mean, ~ l ( t  1 = E x ( t ) ,  and t h e  auto-correlation 

f u n c t i o n ,  R ( - )  = E x (t) x (t + 7 ) .  Now i t  i s  on ly  a ques-  

t i o n  Of f i n d i n g  t h e  proper  dynamical system whose ou tpu t  has 

U ( t )  and R(T1 s i m i l a r  t o  the spontaneous EEG average s i g n a l  

and autocorrelogram (shown i n  d o t t e d  l i n e s  i n  Figs .  2 . 3  a n d 2 . 4 ) .  

Consider ing a second o r d e r ,  underdamped dynamical 

system d r i v e n  by a z e r o  mean, whi te  Gaussian n o i s e ,  

it can be proved t h a t  [312, 

l i m  E x ( t )  = 0 
t-- 
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narrow band Gaussian process .  Now 5 and w, can be determined 

t o  g i v e  the exac t  behavior  requi red .  

4,2.2 Non-linear models 

Wiener [ 3 2 ]  p o s t u l a t e d  t h a t  t h e  b r a i n  con ta ins  a 

l a r g e  number of ' o s c i l l a t o r s , '  a l l  a t  t h e  basic frequency 

of t h e  alpha rhythm, b u t  w i t h  d i f f e r e n t  phase r e l a t i o n s h i p s .  

If w e  denote t h e  a c t i v i t y  of a t y p i c a l  o s c i l l a t o r  by 

ai S i n  ( l o a t  + 8 ,  1,  t h e  combined EEG a c t i v i t y  w i l l  be 

x ( t )  = Z a l  s i n  . (waT + 6 , )  
I 

= A s i n  ( w , t  + 8 1 ,  

where 

C ai s i n  9 ,  t a n  8 = I 

C'  ai cos  8 ,  
1 

It is  obvious t h a t  only a s t . a t i s t ica1  d e s c r i p t i o n  can be 

given f o r  ai and e , ,  which i n  t u r n  leads us t o  model A and 8 

as random v a r i a b l e s .  I f ,  i n  a d d i t i o n ,  t h e  phase r e l a t i o n -  

s h i p s  vary  with t i m e ,  A ( t )  and 8 ( t )  can be modelled as s t o -  

c h a s t i c  processes e Thus, 
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w i l l  be a p rocess  w i t h  random amplitude and phase 

modulation. 

I t  is  clear  t h a t  t h e  spectral  behavior  of x ( t )  n e a r  

the a lpha  frequency W, depends c r i t i c a l l y  on t h e  s ta t i s t ics  

of the phase p rocess  8 ( t )  If  t h e r e  i s  any dominant f re-  

quency i n  A ( t ) ,  it would t end  t o  s h i f t  the  peak i n  the  EEG 

spectrum; bu t  it would not  m a t e r i a l l y  a f f e c t  the  behavior  of 

t h e  spectrum nea r  t h e  peak. I n  the  l i t e r a t u r e  A ( t )  has  been 

u s u a l l y  modelled as a cons t an t .  

Wiener [ 3 2 1  modelled the  phase a s  a l i n e a r  t r a n s -  

format ion  of the  Brownian motion p rocess  

where z ( t )  i s  a Brownian motion. Under t h e  assumption t h a t  

8 i s  s m a l l ,  he has de r ived  t h e  approximate spectrum of t h e  

EEG and showed t h a t  i t  i s  s i m i l a r  t o  t h e  observed spectrum. 

More r e c e n t l y ,  Joseph e t  a l ,  [ 3 3 ]  have modelled the 

frequency,  ra ther  than  the  phase ,  a s  a Gaussian random v a r i -  

able. They assume t h a t  the elementary o s c i l l a t o r s  are n o t  

a l l  of t h e  same frequency; i n s t e a d ,  t h e  d i s t r i b u t i o n  of f re-  

quencies  i s  Gaussian around t h e  alpha frequency u), There- 

f o r e ,  t h e  s i g n a l  i n  complex form i s  
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Then, 

i w t  E X. ( t )  = AEe 

1 2 2  i w , t  -20  t = A e  e (from the c h a r a c t e r i s t i c  func- 

t i o n  of a Gaussian v a r i a b l e )  

R ( 7 )  = E x ( t ) x * ( t  + 7 )  xx 

= E A 2 e  i w t e - i w  ( t + 7  1 

- i w T  = A 2 E e  

- i W , T  - ~ 0  1 2 2  T 
= A 2 e  e 

The envelope of t h e  average s i g n a l  has  a p r e d i c t e d  e -k t" 

behavior  under t h i s  model. The  au tho r s  no te  t h a t  experimen- 

t a l  r e s u l t s  suppor t  e -kt behavior .  T h e  power spectrum i s  

which is a Gaussian d i s t r i b u t i o n  of power around the alpha 

frequency. 
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4 . 3  D e t a i l s  of Proposed Model f o r  Spontaneous EEG 

The non l inea r  model was chosen because i t  admits a 

n a t u r a l  modi f ica t ion  f o r  t h e  case where t h e  EEG is  d r iven  by 

r e p e t i t i v e  s t i m u l i  a t  t h e  a lpha  frequency. The phase i s  

modelled a s  a s imple Brownian motion, s i n c e  i t  keeps t h e  

mathematical a n a l y s i s  simple and seems t o  e x p l a i n  experimen- 

t a l  f a c t s  adequately.  The amplitude i s  modelled as a cons- 

t a n t .  I t  w i l l  be shown i n  t h e  next  chap te r  t h a t ,  under cer- 

t a i n  reasonable  assumptions,  t h e  s t a t i s t i c s  of t h e  amplitude 

a r e  unimportant f o r  c l a s s i f i c a t i o n  purposes .  

To keep t h e  mathematics simple, t h e  EEG s i g n a l  1s 

rep resen ted  i n  t h e  complex form i n  t h e  a n a l y s i s  which f o l -  

lows. Some f a m i l i a r i t y  with c h a r a c t e r i s t i c  f u n c t i o n s  i s  a l s o  

assumed. A r eade r  who so  desires can read  a s h o r t  e x p o s i t i o n  

of t h e s e  concepts  i n  t h e  Appendix. 

4 . 3 . 1  The model 

W e  suppose t h a t  t h e  (normal i sed)  spontaneous EEG sig- 

n a l  i s  r ep resen ted  i n  complex form a s  

The random phase  8 ( t )  i s  modelled by t h e  Brownian process C341, 

0 

8 = w  
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where w i s  a ze ro  mean Gaussian white  no i se  with 

It  remains t o  s p e c i f y  t h e  i n i t i a l  u n c e r t a i n t y  i n  8 .  W e  

suppose t h a t  e ( 0 )  is  a l s o  Gaussian with 

W i t h  t h e s e  assumptions, 8 ( t )  w i l l  be a Gauss-MaEkov random 

process  w i t h  

The va r i ance  of t h e  phase i n c r e a s e s  l i n e a r l y  with t i m e ,  

implying g radua l  l o s s  of phase coherence. 

The average s i g n a l  and t h e  autocorrelograrn, as com- 

pu ted  from any sample of a random process ,  are themselves 

random func t ions .  The model can only  predict  t h e  expected 
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va lues  and v a r i a b i l i t i e s  of t h e s e  e s t i m a t e s  e 

The average s i g n a l ,  a s  computed from an EEG record  

whose l e n g t h  i s  equal  t o  N per iods  of t h e  a lpha  frequency, 

i s  

7 N-1 

Therefore ,  

E p N ( t )  = - 1 E e i w , t + i @ ( k t , + t )  ( s i n c e  w , t ,  = ZIT), 
El k=O 

Now u t )  i s  Gaussian w i t h  ze ro  mean and v a r i a n c e  PO + q t ,  

and hence has  t h e  c h a r a c t e r i s t i c  f u n c t i o n  [ 3 5 1  

1 
E e  i e u  = e  -z  (Po +qt )u" 

Therefore ,  s e t t i n g  u = 1 i n  t h e  above formula,  w e  o b t a i n  f o r  

EPN (t  

N-1 1 

k=O 
i w ,  t - 5  (po +qkt, +qt E W N ( t )  = - ' ~ e  e 

1 - g  where = 5 e 2 q t a  

showing t h a t  t h e  expected average s i g n a l  i s  an exponen t i a l ly  

decaying o s c i l l a t i o n ,  S ince  i s  O ( K ) ,  1 the  model predicts 
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t h a t  t h e  average s i g n a l  f a l l s  o f f  t o  ze ro  as g r e a t e r  l e n q t h s  

of EEG a r e  used i n  computing i t ,  which i s  suppor ted  by 

behavior  of t h e  experiments.  Also t o  be noted is  t h e  e 

average s i g n a l ,  compared wi th  t h e  e -kt2 behavior  p r e d i c t e d  

-k t  

by t h e  model proposed by Joseph e t  al. [ 331 e T h e  Gaussian 

assumption i s  perhaps more v a l i d  w i t h  t h e  phase r a t h e r  than 

t h e  frequency . 
The va r i ance  of t h e  e s t i m a t e  i s  de r ived  i n  t h e  

Appendix. 

4 . 3 . 3  The p r e d i c t e d  autocorreloqram 

- i w ,  T i 8  ( t  ) - i e  ( t + T  1 = e  Ee . 

Now e ( t )  and ut  + T )  a r e  j o i n t l y  Gaussian wi th  ze ro  mean 

and covar iance  ma t r ix  ( f o r  T 2 0 )  

Po + q t  Po + q t  

Po + q t  Po + q t  + q7 

Therefore ,  t h e  j o i n t  c h a r a c t e r i s t i c  f u n c t i o n  [351 of 8 ( t )  

and 8 ( t  + 7 )  is  
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1 
( t ,  t + TI = e - i w ,  T e -z[po +qt-2po-2qt+po + q t + q ~ I  

Rxx 

The  p rocess  x ( t )  i s  no t  s t a t i o n a r y  i n  the  w i d e  sense s i n c e  

E x  ( t )  is  no t  a c o n s t a n t ,  However, s i n c e  t h e  a u t o c o r r e l a t i o n  

f u n c t i o n  i s  only a f u n c t i o n  of T,  t h e  autocorrelogram %(TI 

con t inues  t o  be an unbiased e s t i m a t e  of R ( 7 ) .  Hence, xx 

T h e  v a r i a b i l i t y  of t h i s  e s t i m a t e  i s  de r ived  i n  t he  Appendix. 

4 .4  D e t a i l s  of Proposed Model f o r  EEG w i t h  R e p e t i t i v e  

4 .4 .1  T h e  model 

A s  d i scussed  i n  Chapter 11, r e p e t i t i v e  p h o t i c  - s t i m -  

u l i  a t  the  a lpha  frequency l e a d  t o  recovery of phase coher- 

ence.  The  mathematical  model can ref lect  t h i s  i n  the  f o l -  

lowing way. Each s t imu lus ,  occu r r ing  a t  i n s t a n t s  t,, 2 t ,  , 
3 t , ,  is supposed t o  reset the  va r i ance  of the phase 

( n o t  t h e  phase i t se l f  That i s ,  t o  its i n i t i a l  va lue  po 
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The dynamics of 8 ( t )  between t h e  p h o t i c  s t i m u l i  i s  unal te red ;  

Q ( t )  cont inues  t o  be a zero  mean Brownian process .  I n  ef- 

fec t ,  the  s t i m u l i  occur r ing  a t  t , ,  2 t , ,  e e . s p l i t  t h e  ran- 

dom p rocess  8 ( t )  i n t o  a v e c t o r  of Brownian p rocesses  

The s t a t i s t i c s  of each component O i  ( t )  are determined by t h e  

Brownian model as be fo re ,  namely, 

To s p e c i f y  t h e  v e c t o r  p rocess  completely,  w e  a l s o  need t h e  

covariance m a t r i x  of t h e  i n i t i a l  va lues .  W e  assume 

The p rocess  t h u s  described i s  p e r i o d i c a l l y  s t a t i o n a r y  wi th  

period t, i n  t h e  sense  t h a t  t h e  s t a t i s t i c s  of t h e  p rocess  

are i n v a r i a n t  w i t h  respect t o  a t r a n s l a t i o n  by a m u l t i p l e  of 
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x ( t ,  + k t , ) ,  e e , x ( t ,  + k t , ) ]  

f o r  any i n t e g e r  k .  

Now the random v a r i a b l e s  x ( k t ,  + t )  f o r  k = 0 ,  1, 2, 

e . . , N - 1 have a l l  t h e  same d i s t r i b u t i o n .  Hence, 

which by s i m i l a r  reasoning  a s  i n  s e c t i o n  4 . 3 . 2  

i w ,  t -5qt 1 

e = e  

Therefore ,  the  expected average s i g n a l  i s  an exponen t i a l ly  

decaying o s c i l l a t i o n ,  whose amplitude is  independent of t h e  

l e n g t h  of t he  EEG r eco rd  used i n  computing t h e  average. 

T h i s  is borne out  by experimental  evidence. The va r i ance  Of 

t h i s  e s t i m a t e  i s  de r ived  i n  t h e  Appendix. 
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-iw, T = e  Ee if3 (t )-i0 (t+T ) 

Now Ee ie(t)-ie(t+T) depends on the relative positions of the 

instants t and t + 7 on the EEG record. Without loss of 

generality, we can assume 0 S t S t, because of the periodic 

stationarity of the process e 

(i 1 If 0 s t + 7 5 t,, then 

Therefore, from the j o i n t  characteristic function of 8(t) 

and 8(t + 71,  

1 
-~.po+qt-2po-2qt+po+qt+q~) = e  if3 (t )-if3 (t+T Ee 
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Thus w e  have 

and the a u t o c o r r e l a t i o n  func t ion  i s  no longer  p u r e l y  a func- 

t i o n  of the de lay  T. However, t h e  autocorrelogram def ined  as 

performs a smoothing ope ra t ion  w i t h  respect t o  t and g i v e s  

the  r e s u l t  p u r e l y  as a f u n c t i o n  of t he  de lay  7. I n  practice,  

the autocorrelogram is  computed from a l eng th  of EEG r eco rd  

equa l  t o  N p e r i o d s  of the a lpha  frequency 

The  expected va lue  of t h i s  estimate w i l l  now be der ived .  

(i 1 0 7 t a .  

The i n t e g r a l  can be s p l i t  up over  ranges ( 0 ,  t, - T ) ,  (ta - 

7 ,  ( t a ?  2 t a  - TI, ( 2 t ,  - T, 2 t , ) ,  a . ( ( n  - l ) t a ,  

n t ,  - TI, ( n t ,  - 7 ,  n t , ) .  The a l t e r n a t e  i n t e g r a l s  are a l l  
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equal  by periodic s t a t i o n a r i t y  of t he  process .  Therefore, 

+ 

I n  t h e  f i rs t  i n t e g r a l  t and t + T are such t h a t  equat ion  

(4.1) applies; whereas i n  t he  second i n t e g r a l  t and t + 7 

are such t h a t  equat ion  (4.2) applies w i t h  m = 1, Hence, 

1 - i w , ~  - -  e sqTdt + 1 E R N ( T )  = - 
t a  

= [(l - -1 7 + Al s i n h  (7 1 q ~ ) l e  -iw, T 
t, 

(ii 1 k t ,  T (k + l ) t a .  

Using p e r i o d i c  s t a t i o n a r i t y  aga in ,  w e  can w r i t e  

Now i n  t he  f i rs t  i n t e g r a l  t and t + T are such t h a t  equat ion  

(4 .2 )  applies w i t h  m = k; whereas i n  t he  second i n t e g r a l  the 

same equat ion  applies w i t h  rn = k + 1. Therefore ,  
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d t  + - i w ,  T e 

= {Ak s i n h  [- ( ( k  + l ) t ,  - 711 + A k + l  

-iw, T s i n h  [T ( 7  - k t , ) ] ]  e 

expected autocorrelogram i s  asympto t i ca l ly  p e r i o d i c  with 

p e r i o d  t,. This  should be c o n t r a s t e d  w i t h  t h e  exponen t i a l ly  

decaying o s c i l l a t o r y  behavior  of t h e  autocorrelogram of 

spontaneous EEG. 

I n  t h i s  s e c t i o n ,  t h e  v a l i d i t y  of t h e  model w i l l  be 

checked by comparing the behavior  of a c t u a l  EEG records  w i t h  

t h e  behavior  predicted by t h e  model. One such comparison 

w a s  a l r eady  made i n  Sec t ion  4,1 where t h e  phase d i spe r s ion  



IV-23 

obta ined  i n  a c t u a l  EEG records  of t h e  two types w a s  matched 

a g a i n s t  t h e  va r i ance  predicted by t h e  model. It  i s  w e l l  

known t h a t  a Gaussian random v a r i a b l e  would l i e ,  68.3% of 

t h e  t i m e ,  w i th in  one s t anda rd  d e v i a t i o n  of i t s  meano This i s  

t h e  s i g n i f i c a n c e  of t h e  1 - CJ bounds i n  F i g s .  4 .1  and 4 . 2 .  

Now t h e  EEG s i g n a l  i t s e l f  i s  a non l inea r  f u n c t i o n  of 

i t s  phase.  Given t h e  s t o c h a s t i c  behavior  of t h e  phase,  t h e  

s t o c h a s t i c  behavior  of t h e  s i g n a l  can be de r ived  i n  p r i n c i p l e .  

The mathematical  a n a l y s i s  i n  Sec t ions  4 , 3  and 4.4 w a s  direc- 

ted  towards i n v e s t i g a t i n g  t h e  predicted behavior  of two s t a t -  

i s t i c a l  a t t r i b u t e s  of t h e  EEG s i g n a l ,  namely, t h e  average 

s i g n a l  and t h e  autocorrelogram. ( O r ,  e q u i v a l e n t l y ,  t h e  

power spectrum.)  For those  who did no t  wish t o  go i n t o  mathe- 

mat ical  d e t a i l s ,  t h e  r e s u l t s  are b r i e f l y  r ecap tu red  here .  

The f i g u r e s  show t h e  a c t u a l  behavior  i n  s o l i d  l i n e s  and t h e  

predicted behavior  i n  broken l i n e s .  

I f  t h e  model ho lds  e x a c t l y  t h e  fo l lowing  are t h e  

predicted r e s u l t s .  The average s i g n a l  f o r  spontaneous EEG 

i s  an exponen t i a l ly  decaying o s c i l l a t i o n ,  wi th  i t s  amplitude 

f a l l i n g  off as E as more responses  are used i n  computing i t .  

(Fig .  4 . 3 ) .  With r e p e t i t i v e  s t i m u l i ,  t h e  behavior  i s  t h e  

1 

same except t h a t  t h e  amplitude becomes independent of N 

(Fig.  4 . 4 )  e I n  o t h e r  words, t h e  average s i g n a l  shows a dis- 

t i n c t  o s c i l l a t o r y  behavior  i f  s u f f i c i e n t  responses  a r e  used 

i n  computing it. 

The autocorrelogram of spontaneous EEG i s  
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exponen t i a l ly  decaying a t  a ra te  p r o p o r t i o n a l  t o  t h e  r a t e  a t  

which the  va r i ance  of the phase i s  i n c r e a s i n g ,  and o s c i l l a -  

t o r y  a t  t h e  a lpha  frequency (F ig .  4 . 5 )  With r e p e t i t i v e  

s t i m u l i ,  it is  s t i l l  o s c i l l a t o r y  a t  t h e  a lpha  frequency. 

However, t h e  amplitude,  though it decays f o r  s m a l l  va lues  Of 

t h e  de l ay ,  soon reaches a s t eady  asymptotic va lue .  Thus t he  

autocorrelogram asymptot ica l ly  becomes p e r i o d i c  (Fig.  4.6 1. 

The power spectrum of spontaneous EEG behaves as 

nea r  t he  a lpha  frequency w, showing t h a t  t h e  1 

bandwidth i s  equal  t o  q ,  t h e  r a t e  a t  which t h e  va r i ance  of 

t h e  phase i s  i n c r e a s i n g  (F ig .  4 . 7 )  With r e p e t i t i v e  s t i m u l i ,  

a s p i k e  w i l l  appear a t  t h e  a lpha  frequency,  because of 

asymptotic p e r i o d i c i t y  of t h e  autocorrelogram (Fig .  4 .8 ) .  

The f i g u r e s  show t h a t  t h e  behavior  of a c t u a l  EEG 

p l o t s  is i n  good agreement w i t h  t h e  predicted r e s u l t s ,  
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CHAPTER V 

FEATURE REDUCTION AND C L A S S I F I C A T I O N  BASED ON THE MODEL 

T h i s  chapter d e s c r i b e s  how an amplitude and phase 

a n a l y s i s  of the  EEG record i s  carried o u t .  T h e  phase va lues  

are then  used t o  develop a f e a t u r e  reduct ion  and c lass i f ica-  

t i o n  scheme based on t h e  Bayes d e c i s i o n  r u l e .  

Gabor [36] first in t roduced  the  concepts  of t h e  

in s t an taneous  amplitude and t h e  in s t an taneous  phase of an 

a r b i t r a r y ,  cont inuous,  rea l  s i g n a l  x ( t ) .  H e  d i d  t h i s  by 

d e f i n i n g  a complex z ( t )  a s s o c i a t e d  w i t h  t h e  

rea l  s i g n a l  x ( t > .  T h e  s i g n a l  x ( t )  i s  expressed as the r e a l  

p a r t  of the  a n a l y t i c  s i g n a l  z ( t )  e T h i s  i s  a g e n e r a l i s a t i o n  

of the  r e l a t i o n  f o r  pu re  harmonic s i g n a l s ,  namely, cos  W t  = 

R e  e e 
i w t  

The imaginary par t  y ( t )  of t he  a n a l y t i c  s i g n a l  z ( t )  

i s  termed t h e  e (That i s ,  t h e  s i g n a l  i n  

quadra tu re  t o  t h e  * x ( t ) .  . I f  t h e  r e l a t i o n  

between t h e  in-phase s i g n a l  x ( t )  and t h e  quadra tu re  s i g n a l  

y ( t )  i s  s p e c i f i e d ,  t hen  the a n a l y t i c  s i g n a l  z ( t )  can be 

uniquely determined from a knowledge of e i t h e r  x ( t )  o r  y ( t ) .  



v-2 

I t  can be proved t h a t ,  if x ( t )  and y ( t )  are def ined  t o  be a 

H i l b e r t  t ransform pa i r  [ 3 7 1  t h a t  i s ,  

(where P denotes  p r i n c i p a l  v a l u e )  

t hen ,  the  fo l lowing  desirable p r o p e r t i e s  can be proved [ 3 8 ] *  

(i)  If x ( t )  = cos w o t  t hen  y ( t )  = s i n  w o t  

(ii The Four i e r  t ransforms of x ( t )  and y ( t )  a r e  connected 

by 

I n  o t h e r  words, x ( t )  and y ( t )  have t h e  same power 

spectrum e 

(iii) From (ii),  Z ( w )  = X ( w )  + i Y ( w )  

= (1 + sgn C U ) X ( U I )  

showing t h a t  t h e  Four i e r  t ransform of z ( t )  vanishes  

f o r  nega t ive  f requencies .  

( i v )  T h e  one-sided n a t u r e  of Z ( w )  implies t h a t ,  z ( s )  

def ined  by i n v e r s e  Four i e r  t r ans fo rma t ion  
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i s  an a n a l y t i c  func t ion  of t h e  complex v a r i a b l e  s .  

(Hence t h e  name ' a n a l y t i c  s i g n a l .  ' 

Now t h e  a n a l y t i c  s i g n a l  can be expressed i n  phasor  

form as 

A ( t )  and q ( t )  are then  def ined  t o  be t h e  amplitude and phase 

r e s p e c t i v e l y  of t h e  r ea l  s i g n a l  x ( t >  a t  t h e  i n s t a n t  t .  

5.1.2 P r a c t i c a l  cons ide ra t ions  

From equat ion  ( 5 , l )  it i s  c lear  t h a t  gene ra t ion  of 

t h e  quadra tu re  s i g n a l  y ( t  ) i nvo lves  a non-causal ope ra t ion  

on t h e  in-phase s i g n a l  x ( t ) .  That i s ,  computation of y ( t )  

r e q u i r e s  knowledge of f u t u r e  va lues  x(T), T > t. Theoret i -  

c a l l y ,  t h e  e n t i r e  EEG r eco rd  i s  needed t o  compute t h e  phase 

a t  any given i n s t a n t .  However, i f  w e  are w i l l i n g  t o  f i l t e r  

ou t  f r equenc ie s  o u t s i d e  a c e r t a i n  band from t h e  EEG s i g n a l ,  

t h e  above requirement can be r e l axed ,  as w i l l  be shown 

p r e s e n t l y .  

Such f i l t e r i n g  i s  d e s i r a b l e  from t h e  p r a c t i c a l  view- 

p o i n t  a l s o .  

because any spur ious  high frequency ' n o i s e '  can throw o f f  

t h e  phase va lue  by m u l t i p l e s  of 2n. It  i s  a l s o  d e s i r a b l e  t o  

f i l t e r  ou t  very  low f requencies  t o  e l i m i n a t e  any bias  which 

might have been in t roduced  i n t o  t h e  s i g n a l  dur ing  recording.  

Since w e  are mainly i n t e r e s t e d  i n  f r equenc ie s  around t h e  

I t  is  d e s i r a b l e  t o  f i l t e r  out  high f r equenc ie s  
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a lpha  frequency (approximately 10 c/s)  a bandpass of 0,2 - 

50 c / s  w a s  used i n  practice,  It  i s  necessary t h a t  bo th  t h e  

in-phase and quadra ture  s i g n a l s  be sub jec t ed  t o  f i l t e r i n g  i n  

o r d e r  t o  maintain the r e l a t i o n s h i p  between t h e i r  Four i e r  

t ransforms-  I f  w e  work w i t h  t h e  d ig i t i sed  EEG record ,  w e  

have t o  c o n s t r u c t  two d i g i t a l  f i l t e r s - - a n  ' in-phase f i l t e r '  

and a ' quadra tu re  f i l t e r  ' Remembering the  r e l a t i o n s h i p  

between the Four i e r  t ransforms of x ( t )  and y ( t ) ,  namely, 

the  i d e a l  in-phase and quadra tu re  f i l t e r s  would have charac- 

terist ics as shown i n  F i g .  5 .1 ,  

I n  practice,  the  r e c t a n g u l a r  c h a r a c t e r i s t i c s  a r e  

approximated by a series of t r i a n g u l a r  f i l t e r s  [39, 401 as 

shown by broken l i n e s  i n  F i g .  5.1. If e ( i )  are the  sampled 

va lues  of t h e  EEG s i g n a l ,  it can be shown [39] t h a t  t h e  f o l -  

lowing o p e r a t i o n s  r e p r e s e n t  t h e  approximated in-phase and 

quadra tu re  f i l ters--  

m 
y(k) = b g e ( k  3- j )  

j = - m  

where t h e  numbers m ,  {aJ  1 
shape of t he  t r i a n g u l a r  f i l ters  used and can be precomputed 

and {bj 1 depend on the  number and 
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and s t o r e d .  It i s  thus  seen  t h a t  t h e  gene ra t ion  of f i l t e r e d  

in-phase and quadra tu re  s i g n a l s  i nvo lves  computation of two 

f i n i t e ,  moving, weighted averages.  It  is  necessary  t o  s t o r e  

( 2 m  + 1) sampled va lues  a t  a t i m e .  The f i l t e r e d  s i g n a l s  are 

ob ta ined  a f t e r  a de l ay  of m a t ,  A t  be ing  t h e  sampling i n t e r v a l .  

Once t h e  sequences {xk) and {yk) are computed, t he  

amplitude and phase a r e  g iven  by 

( 5 . 4 )  

It  might be thought  t h a t  t h e  phase i s  determined only t o  

wi th in  a m u l t i p l e  of 2n. However, if t h e  sampling ra te  is 

chosen t o  be equal  t o  t h e  Nyquist r a t e  f o r  the h ighes t  fre- 

quency p r e s e n t  i n  t h e  f i l t e red  s i g n a l ,  t hen  any two success-  

i v e  phase va lues  cp(k) and cp(k + 1) can d i f f e r  a t  most by no 

This  f ac t  determines a l l  phase va lues  uniquely i n  r e l a t i o n  

t o  t h e  i n i t i a l  phase va lue  c p ( l ) ,  which is  taken t o  be i n  t h e  

range (-IT, I T ) .  

F i n a l l y ,  t h e  sequence 6 ( k ) ,  which i s  t h e  random P a r t  

i n  t h e  phase,  is  ob ta ined  by s u b t r a c t i o n  of t h e  l i n e a r  p a r t  

due t o  t h e  a lpha  frequency w, e 
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5.2.1 Deriva t ion  of the l i k e l i h o o d  r a t i o  

L e t  u s  suppose t h a t  an amplitude and phase a n a l y s i s  

has been carried o u t  on a l e n g t h  of EEG record  equal  t o  k 

p e r i o d s  of t h e  a lpha  frequency. L e t  t h e  sequence of ampli- 

t ude  and phase va lues  be { A ( i ) ,  i = 1, 2, . . . , kN) and 

{ e ( i ) ,  i = 1, 2, e . a , k N ) .  H e r e  N is  the number of s a m -  

pled va lues  i n  one p e r i o d  of t h e  a lpha  frequency. The k 

s t i m u l i ,  i f  p r e s e n t ,  are assumed t o  have occurred j u s t  be fo re  

t h e  i n s t a n t s  1, N + 1, 2N + 1, . . , (k - 1 ) N  + 1- 
L e t  t h e  n u l l  hypothes is  be t h a t  t h e  s t i m u l i  w e r e  

no t  p r e s e n t ;  t h a t  i s ,  t h e  EEG record  under examination i s  of 

t h e  spontaneous type. A d iscrete  v e r s i o n  of t h e  model f o r  

spontaneous EEG i s  

where w l  is  a p u r e l y  random Gaussian sequence w i t h  

E ( W ~ )  = 0 ,  E ( w ~ w ~ )  = q 6 , j  

and t h e  i n i t i a l  u n c e r t a i n t y  i s  Gaussian ewressed by 

E ( @ , )  = 0 ,  E ( 0 Y )  = P O .  
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A t  t h i s  p o i n t ,  w e  make t h e  tha t  t h e  amplitude 

sequence { A ( i ) )  and the phase sequence { e ( i ) )  a r e  s t o c h a s t i -  

c a l l y  independent under e i ther  hypothes is .  Thus, 

Now from t h e  Markovian n a t u r e  of the p rocess ,  

I t  is  seen  t h a t  

L e t  the  a l t e r n a t i v e  hypothes is  H1 be t h a t  the s t i m u l i  

w e r e  p r e s e n t e d  j u s t  b e f o r e  i n s t a n t s  1, N + 1, 2N + 1, e 

(k  - 1)N 4- 1. I n  t h i s  case w e  have the discrete v e r s i o n  of 
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t h e  model f o r  EEG with repet i t ive s t i m u l i  a s  

%+1 = 8 1  + W I  i = 1 9 2 9 e e . 7 N - l , N + 1 9  

N + 2 , .  0 2 N - 1 ,  e e * ?  

(k - 1 ) N  + 1, (k  - 1 ) N  + 2 ,  

. . e  , k N - 1  

wi th  E ( w l )  = 0 ,  E ( w l w j )  = q h f j ,  

s o  t h e  8 sequence between any two success ive  s t i m u l i  i s  a 

random walk sequence with i n i t i a l  u n c e r t a i n t i e s  g iven  by 

and t h e  i n i t i a l  phase va lues  a r e  geomet r i ca l ly  c o r r e l a t e d  a s  

( 5 . 7 )  

Now w e  can w r i t e  
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A l l  t h e  c o n d i t i o n a l  d e n s i t i e s  except  t h o s e  of 61  , 6 ~ + 1  

6 2 N + 1 9  e 0 e 3 6(  k - 1  ) N + ~  fo l low by the  random walk model as 

before. The excep t iona l  cases w i l l  have t o  be eva lua ted  from 

t h e  geometr ica l  c o r r e l a t i o n  model expressed by equat ion  ( 5  e 7 a 

These c o n d i t i o n a l  d e n s i t i e s  are of the  form 

A s  explained i n  Chapter I V ,  t h e  model assumes t h a t  t h e  s t i m -  

u l i  s p l i t  up the  phase p rocess  i n t o  s e v e r a l  Brownian proces- 

ses , with  t h e  i n i t i a l  va lues  c o r r e l a t e d  geomet r i ca l ly  as i n  

equat ion  ( 5 . 7 ) .  Therefore ,  it i s  clear t h a t  t h e  c o n d i t i o n a l  

d e n s i t y  of 6 J N + 1  g iven ,  t h e  past  va lues  depends only on o t h e r  

i n i t i a l  va lues  6(  J - l ) N + l ,  8( J - 2 ) N + 1  . . . , 6 N + 1  , 61 and 

no t  on t h e  in t e rmed ia t e  va lues  of t h e  phase.  Therefore ,  

Under the geometr ica l  c o r r e l a t i o n  model, the c o n d i t i o n a l  

d e n s i t y  on t h e  r i g h t  hand s i d e  can be proved t o  be normal 

wi th  mean a6( J - l )  N + l  and va r i ance  (1 - u2 )po ( a  proof i s  

g iven  i n  t h e  Appendix). 

S u b s t i t u t i n g  every th ing  i n t o  equat ion  ( 5 . 8 )  it w i l l  

be seen  t h a t  
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k (N-1) 1 
log 2nq - log 2np,  - 

2 

- -  k-l log 2 n ( l  - a2)po 
2 (5 .9 )  

Now the  l i ke l ihood  r a t i o  i s  

H e r e  w e  make t h e  assumption 

That is ,  t h e  s t i m u l i  do no t  affect  the s t a t i s t i c s  of t h e  

amplitude,  bu t  on ly  those  of t h e  phase.  Then the  log- 

l i k e l i h o o d  r a t i o  becomes, u s ing  (5.6) and (5.9 ) y 
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k-1 (1-a2 )po + ~ l o g  
2 q 

(5.11) 

\ 

5.2.2 S u f f i c i e n t  s t a t i s t i c s  and f e a t u r e  r educ t ion  

L e t  

Then the  Bayes opt imal  s e p a r a t i n g  s u r f  ace, which is obta ined  

by s e t t i n g  t h e  log- l ike l ihood r a t i o  i n  equat ion  (5.11) t o  

ze ro ,  i s  

From t he  o p t i m a l i t y  of the Bayes 
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d e c i s i o n  r u l e ,  it can be claimed t h a t ,  i f  t h e  model holds  

e x a c t l y ,  complete knowledge of t h e  sequence ( 8  (1)) cannot 

improve t h e  average e r r o r  p r o b a b i l i t y .  I n  t h i s  s ense ,  t h e  

f u n c t i o n s  ( t l ,  tz ,  t3, t,) can be termed s u f f i c i e n t  s t a t i s t i c s  

f o r  c l a s s i f i c a t i o n - - t h a t  i s ,  they  c a r r y  a l l  t he  informat ion  

needed f o r  c l a s s i f i c a t i o n  purposes .  

The non l inea r  map given by 

achieves cons ide rab le  f e a t u r e  reduct ion .  The fo l lowing  

p o i n t s  

( i) 

(ii) 

(iii 1 

( i v )  

a r e  worth not ing .  

If  t h e  model ho lds  e x a c t l y ,  no d i sc r imina to ry  i n f o r -  

mation i s  l o s t  by t h e  above mapping. 

The dimension of t h e  t ransformed p a t t e r n  v e c t o r  i s  

f o u r  r e g a r d l e s s  of k ,  t h e  l eng th  of t h e  EEG record 

used,  

The s e p a r a t i n g  s u r f a c e  is  l i n e a r  i n  t h e  transformed 

p a t t e r n  space-  

The s u f f i c i e n t  s t a t i s t i c s  are f u n c t i o n s  only of the  

phase va lues  immediately preceding  and fo l lowing  

t h e  p r e s e n t a t i o n  of a s t imu lus .  Since t h e  dynamics 

of t h e  phase p rocess  are t h e  same under and H1, 

P 
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the  in t e rmed ia t e  phase va lues  c a r r y  no d i sc r imina to ry  

informat ion ,  

( V I  T h e  s u f f i c i e n t  statistics a r e  i n  the form of cumula- 

t i v e  sums, which can be cont inuously updated a s  more 

data becomes a v a i l a b l e .  

( v i  From equat ion  (5,121 it is  seen t h a t  the  s e p a r a t i n g  

hyperplane moves p a r a l l e l  t o  itself a s  more data 

comes i n ,  bu t  i ts  o r i e n t a t i o n  remains unchanged. 

( k ,  which a f f e c t s  the  t h r e s h o l d ,  appears only i n  the 

c o n s t a n t  t e r m . )  Once the o r i e n t a t i o n  i s  determined 

by l e a r n i n g  the  unknown parameters  (see 5.2 .3)  t he  

d e c i s i o n  can he taken a f t e r  observing any d e s i r e d  

l e n g t h  of t h e  EEG record ,  depending on the  r e l i a b i l -  

i t y  requi red .  

Three unknown parameters  (po ,  q ,  a) appear i n  the  

model. The  c o e f f i c i e n t s  of t h e  s e p a r a t i n g  hyperplane (5 .) 12) 

are f u n c t i o n s  of t h e s e  parameters .  Two e s s e n t i a l l y  differ-  

e n t  approaches can be taken  i n  the e s t ima t ion  of these 

parameters e 

(i) Since  w e  a r e  r e a l l y  i n t e r e s t e d  i n  determining the  

s e p a r a t i n g  s u r f  ace,  r a t h e r  t han  the  parameters  themselves 

w e  can take advantage of the l i n e a r i t y  of t h e  s e p a r a t i n g  

s u r f a c e  i n  the transformed p a t t e r n  space.  There a r e  s e v e r a l  

a lgor i thms [l] a v a i l a b l e  t o  determine t h e  s e p a r a t i n g  hyper- 

p l a n e  from t r a i n i n g  p a t t e r n s  of known c l a s s i f i c a t i o n .  



Severa l  s h o r t  l e n g t h s  of EEG r eco rd  of known c l a s s i f i c a t i o n  

would be needed. Only the  s u f f i c i e n t  s ta t is t ics  (t, t2-, t3 

t,) would be used f r o m  each of them t o  f i t  a s e p a r a t i n g  

hyperplane i n  the transformed p a t t e r n  space.  

(ii 1 

of e s t i m a t i o n  ( i d e n t i f i c a t i o n )  of parameters  i n  dynamical 

systems. For example, equat ion  ( 5 - 6 )  can be used t o  o b t a i n  

maximum l i k e l i h o o d  estimates [41] Go and 6 from the phase 

va lues  of a spontaneous EEG r eco rd  a s  fo l lows .  Solving 

s imul taneous ly  

The problem can be treated i n  the g e n e r a l  framework 

w e  o b t a i n  

and 2 * 
Po = 01 

as maximum l i k e l i h o o d  estimates of pa and q. 

S i m i l a r l y ,  from equat ion  (5.91, phase va lues  of an 

EEG r eco rd  w i t h  r e p e t i t i v e  s t i m u l i  can be usei3 t o  o b t a i n  

maximum l i k e l i h o o d  estimates of po ,  q,  a. Solving 

s imul taneous ly ,  



V- 16 

w e  o b t a i n  f o r  6 

& i s  t o  be obta ined  f r o m  

where 

5 . 3 '  Resu l t s  

The method was t e s t e d  on EEG d a t a  obta ined  f r o m  two 
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d i f f e r e n t  s u b j e c t s ,  Subjec t  A had a g r e a t e r  percentage  of 

a lpha  a c t i v i t y  than  s u b j e c t  Be H e r e  the p e r c e n t  a lpha acti- 

v i t y  i s  de f ined  as the  percentage  of t he  r eco rd  f o r  which the 

ins t an taneous  frequency l i e s  wi th in  a specified narrow band 

around t h e  a lpha  frequency. The Nyquist r a t e  f o r  t he  f i l tered 

s i g n a l  i s  100 per second; t h e r e f o r e ,  there would be 10 phase 

va lues  i n  one p e r i o d  of the  alpha frequency (N = 10) e 

For subject A, t he  e s t ima ted  parameter  va lues  w e r e  

60 = 3.0 rad ian2  

A 

q = 0.3 radian' 

* 
O. = 0.8. 

The s e p a r a t i n g  hyperplane obtained from these va lues  agreed 

reasonably w e l l  w i t h  t h e  one obtained by a r e g r e s s i o n  

method [421e F i g .  5 . 2  shows t h e  e r r o r  r a t e  v s .  the  l eng th  

of t h e  EEG r eco rd  on which the d e c i s i o n s  w e r e  based ( s o l i d  

l i n e ) ;  it is compared w i t h  the  e r r o r  r a t e  ob ta ined  by the  

nonparametric method i n  Chapter I11 (broken l i n e ) .  T h e  e r r o r  

r a t e  was less than  5% when t h e  d e c i s i o n s  w e r e  based on 20  

p e r i o d s  of t he  a lpha  frequency. The t r a i n i n g  and test sets 

were s e p a r a t e d  by about two minutes of EEG record ,  For sub- 

ject B, t he  estimated parameter  va lues  w e r e  

60 = 3.4 rad ian2  
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A 

q = 0.35 radian2 

The s e p a r a t i n g  hyperplanes obta ined  by the two methods w e r e  

aga in  i n  reasondble  agreement. F i g .  5 .3  shows the  e r r o r  

r a t e  and compares it w i t h  t ha t  obta ined  by the  method i n  

Chapter 111. I n  t h i s  c a s e ,  t h e  d e c i s i o n s  have t o  be based 

on 40 p e r i o d s  of the a lpha  frequency be fo re  t he  e r r o r  r a t e  

f a l l s  t o  5%. 

It i s  seen  t h a t  f o r  very  s h o r t  l e n g t h s  of EEG record ,  

t he  nonparametric method performs better. Perhaps t h i s  i s  

because the  nonparametric method makes f e w e r  assumptions on 

the data--only p e r i o d i c  s t a t i o n a r i t y  i n  t h e  w i d e  s ense  i s  

requi red .  However, a s  the l e n g t h  of the  EEG r eco rd  i n c r e a s e s ,  

even t h i s  assumption becomes ha rde r  t o  m e e t  i n  p r a c t i c e  and 

probably  becomes a s  much ' o f f  the  mark' as the  assumptions 

made by the  model. T h i s  would exp la in  why the  e r r o r  r a t e s  

produced by the two methods approach each o t h e r  i n  the 5% 

range 

Both the  methods perform better on d a t a  obta ined  from 

s u b j e c t  A than  on d a t a  obta ined  from s u b j e c t  B. A l s o ,  f o r  

s h o r t  l e n g t h s  of EEG record ,  t he  d iscrepancy  i n  the p e r f o r -  

mances of the two methods is  l a r g e r  f o r  s u b j e c t  B. The 

model-based approach is  more s e n s i t i v e  t o  large d e v i a t i o n s  

from the a lpha  frequency than  the  nonparametric method. 

However, i n  the  5% range of e r r o r  ra te ,  which i s  of p r a c t i c a l  
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i n t e r e s t  the methods perf o m  equally well. The computa- 

t i ona l  simplicity of the model-based approach gives it a 

decisive advantage 
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CHAPTER V I  

CONCLUSIONS, POSSIBLE DIRECTIONS OF FURTHER RESEARCH 
p* 

6-1 Conclusions 

The f e a t u r e  r educ t ion  methods a v a i l a b l e  s o  f a r  i n  

the  l i t e r a t u r e  may be cons idered  t o  be of t h e  s t a t i s t i ca l  

type. These methods cons ide r  the d i f f e r e n t  p a t t e r n  c l a s s e s  

as s t a t i s t i c a l  d i s t r i b u t i o n s  i n  t he  N-dimensional f e a t u r e  

space. I n  g e n e r a l ,  t h o s e  f e a t u r e s  which have a high s t a t i s -  

t i c a l  c o r r e l a t i o n  w i t h  the  v a r i a b l e  d e s c r i b i n g  the  ca tegory  

of each p a t t e r n  are attempted t o  be s i n g l e d  o u t .  Specifical- 

l y ,  t h o s e  f e a t u r e s  which minimise t he  p r o b a b i l i t y  of misclas- 

s i f i c a t i o n  i n  a s t a t i s t i c a l  sense  are sought.  

L e t  us  f irst  cons ide r  the d i f f i c u l t i e s  i nhe ren t  i n  

t he  s t a t i s t i c a l  approach. The p r o b a b i l i t y  of misclassif ica- 

t i o n  i s  hard t o  compute i n  a l l  b u t  t he  simplest cases. 

Therefore ,  e f f o r t s  w e r e  directed towards formula t ing  o t h e r  

s t a t i s t i c a l  measures, l i k e  entropy and d i s t a n c e  measures, 

which could conceivably be related t o  t he  p r o b a b i l i t y  of 

m i s c l a s s i f i c a t i o n ,  and a t  the same t i m e  would be easy t o  

compute. B l a c k w e l l  [lo], however, showed t h a t  no s i n g l e  

measure can be e x p l i c i t l y  related t o  t h e  p r o b a b i l i t y  of m i s -  

c l a s s i f i c a t i o n .  For t h i s  reason,  t he  au thor  feels t h a t  it 

would be wrong t o  expect any g r e a t l y  simplified f e a t u r e  

r educ t ion  method t o  be developed from the s t a t i s t i ca l  approach, 
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Moreover the s t a t i s t i c a l  approach i s ,  a t  p r e s e n t  

restricted t o  cons ide r ing  a s u b s e t  o r  l i n e a r  combinations of 

t h e  t o t a l i t y  of a l l  a v a i l a b l e  f e a t u r e s .  T h i s  fact makes 

e f f i c i e n t  f e a t u r e  r educ t ion  very  much dependent on e f f i c i e n t  

f e a t u r e  s e l e c t i o n .  If the o r i g i n a l  f e a t u r e s  a r e  c a r e l e s s l y  

chosen, there is j u s t  no way of p i ck ing  a 'good'  subse t  o r  a 

'good' l i n e a r  combination. T h i s  p o i n t s  t o  the b a s i c  f l aw  i n  

s t a t i s t i c a l  f e a t u r e  reduct ion-- there  i s  no l i n k  between fea-  

t u r e  s e l e c t i o n  and f e a t u r e  reduct ion .  

To be s u r e ,  the approach has i t s  advantages.  The 

nonparametric methods, i n  p a r t i c u l a r ,  a r e  completely gene ra l  

and can be p u t  t o  work on almost any body of data t o  be c l a s -  

s i f i ed  without  regard t o  where i t  came from. The au thor ,  

however, doubts  whether such complete g e n e r a l i t y  i s  necessary  

o r  even d e s i r a b l e  i n  . Take, 

f o r  example, t h e  EEG d a t a .  There has  been a g r e a t  deal of 

r e s e a r c h  done on EEG by r e s e a r c h e r s  i n  va r ious  f ie lds  from 

d i f f e r e n t  p o i n t s  of view. When w e  come ac ross  a p a t t e r n  

c l a s s i f i c a t i o n  problem invo lv ing  EEG d a t a ,  a r e  w e  t o  i gnore  

the r e s u l t s  of t h i s  past r e sea rch  and t a k e  a p u r e l y  s t a t i s t i -  

cal  approach? Probably not .  As another  example, w e  can con- 

sider the  problem of i d e n t i f y i n g  the  occurrence of d i f f e r e n t  

k inds  of seismic phenomena from observed se i smolog ica l  d a t a .  

H e r e  aga in  it would be w i s e r  t o  t a k e  i n t o  account the mechan- 

i s m  which gene ra t e s  t he  d a t a  than  t o  t a k e  a p u r e l y  statist i-  

cal  approach. 
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T h i s  leads us t o  w h a t  may be termed the model-based 

approach. The r e l e v a n t ,  known r e s u l t s  on the  body of d a t a  

under c o n s i d e r a t i o n  can b e ' u s e d  t o  formula te  a p l a u s i b l e  

mathematical model (Random process  models a r e  e s p e c i a l l y  

s u i t e d  t o  t h e  case where t h e  p a t t e r n  f e a t u r e s  form a temporal 

o r  s p a t i a l  sequence.)  It is  important  t h a t  the  mathematical 

model have some-basis. O r  else, the mathematical model would 

not  be much better than  f i t t i n g  a s t a t i s t i c a l  d i s t r i b u t i o n  

p h y s i c a l  

t o  the  data., If the  model is  reasonably good, it would t e l l  

u s  what f e a t u r e s  o r  a t t r i b u t e s  t o  look f o r  ( t h e  phase va lues  

i n  t h e  c a s e  of the EEG s i g n a l )  and thus  achieve f e a t u r e  sel- 

e c t i o n .  I n  a d d i t i o n ,  i f  the model i s  reasonably s imple,  i t  

would admit a v e c t o r  of s u f f i c i e n t  s t a t i s t i c s  whose dimension 

i s  low enough s o  f e a t u r e  r educ t ion  is a l s o  accomplished. 

6 . 2  P o s s i b l e  Di rec t ions  of Fur the r  Research 

(i 1 It w a s  seen  i n  Chapter V t h a t  t h e  e r r o r  r a t e  ob ta ined  

by t h e  model-based approach i s  somewhat h ighe r  t han  t h a t  

ob ta ined  from the  non-parametric method, e s p e c i a l l y  f o r  s h o r t  

l e n g t h s  of EEG record .  I t  i s  p o s s i b l e  t h a t ,  by modelling 

the  phase p rocess  i n  a d i f f e r e n t  way, a bet ter  f i t  t o  the EEG 

d a t a  might be obta ined .  For i n s t a n c e ,  w e  can in t roduce  

damping i n t o  t h e  Brownian p rocess  v i a  

0 

0 + a 0 = w  ( a  > 0 ) .  
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The phase d i s p e r s i o n  can then  be made t o  approach an asymp- 

t o t i c  va lue ,  i n s t e a d  of i n c r e a s i n g  l i n e a r l y .  By having a 

larger damping i n  the case of EEG dr iven  a t  t h e  alpha f r e -  

quency, a s m a l l e r  phase d i s p e r s i o n  can be r e a l i s e d .  'It would 

be i n t e r e s t i n g  t o  f i n d  the p r e d i c t e d  s t a t i s t i c a l  behavior  of 

the EEG under t h i s  model and i t s  performance i n  c l a s s i f i c a t i o n .  

(ii 1 I n  t h i s  t h e s i s ,  w e  have concerned ou r se lves  w i t h  on ly  

one type of p h o t i c  s t i m u l a t i o n ,  namely, e q u a l l y  spaced s t i m -  

u l i  a t  the a lpha  frequency. A p o s s i b l e  l i n e  of f u r t h e r  

I 

research is  t o  modify, and i n v e s t i g a t e  the behavior  o f ,  t h e  

model f o r  o t h e r  k inds  of s t i m u l i .  F i r s t l y ,  the  effect of 

r e p e t i t i v e  s t i m u l i  a t  f r equenc ie s  o t h e r  t hzn  t h e  alpha fre- 

quency has t o  be i n v e s t i g a t e d .  The s t i m u l i  which a r e  presen-  

ted t o  t h e  b r a i n  i n  a realist ic s i t u a t i o n  a r e ,  however, no t  

r e p e t i t i v e  i n  n a t u r e .  As the  next  s t e p  i n  g e n e r a l i s a t i o n ,  w e  

can  cons ide r  s t i m u l i  p re sen ted  a t  random i n s t a n t s ,  which have 

some assumed s t a t i s t i c a l  behavior .  F i n a l l y ,  w e  can cons ide r  

s t i m u l i  which are nok ins t an taneous ,  bu t  i n s t e a d  a r e  cont in-  

uously modulated. 
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APPENDIX 

The EEG record  of t e n  minutes du ra t ion  from each of 

two s u b j e c t s  was ob ta ined  through NASA-ERC, Cambridge, Mass- 

a c h u s e t t s .  The record ing  w a s  done on each person i n  a s i n g l e  

s i t t i n g  from a p a i r  of e l e c t r o d e s  l o c a t e d  i n  t h e  l e f t  

o c c i p i t a l - p a r i e t a l  a rea .  The two k inds  of EEG s i g n a l  are 

genera ted  as fo l lows .  Stroboscopic  l i g h t  i s  f l a s h e d  i n t o  

t h e  eye of t h e  s u b j e c t  through c l o s e d  e y e l i d s ,  and it  i s  

tuned t o  t h e  frequency of h i s  a lpha  rhythm, which i s  approx- 

imate ly  1 0  C.P.S. Thus a f l a s h  occurs  once every  100 m i l l i -  

seconds approximately.  The s t roboscop ic  l i g h t  i s  p e r i o d i c a l l y  

blocked so it does not  reach  t h e  eye of t h e  subject .  Thus t h e  

e n t i r e  EEG record  i s  s p l i t  up i n t o  groups of two k inds  of res- 

ponses--spontaneous and d r iven  a t  t h e  frequency of t h e  alpha 

rhythm. The on and o f f  p e r i o d s  each last f o r  about 2 5  sec- 

onds. For  g e n e r a l  experimental  c o n d i t i o n s  see Anliker  C431. 

The EEG d a t a  was f i r s t  recorded i n  analog f o r m  on a 

3-track F M  t a p e  as fo l lows .  
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I O F F  

i )  is  the  EEG r eco rd  i t s e l f ,  

ii 1 i s  a square  wave a t  approximately 10 c , p , s .  A t  

every l ead ing  edge of i t ,  a s t roboscop ic  f l a s h  

occurs  e 

iii 1 is  an I on-off waveform which i n d i c a t e s  whether o r  

no t  the  l i g h t  from t h e  s t roboscop ic  f l a s h  is  reaching  

t h e  eye of the  s u b j e c t .  

To f a c i l i t a t e  d i g i t a l  computer work, each of these 

waveforms was d i s c r e t i z e d  by sampling every mi l l i second.  I t  

is  seen t h a t  waveform (ii) s e r v e s  only a s  a t iming  r e fe rence .  

Between two success ive  s t roboscop ic  s t i m u l i ,  w e  would have 

approximately LOO sampled va lues .  I n  p r a c t i c e ,  it was found 

tha t  t he  number sometimes exceeded LOO due t o  d r i f t s  i n  the  

s t roboscop ic  frequency. For t h e  work descr ibed  i n  Chapter  

111, it  i s  necessary  t o  have p a t t e r n  v e c t o r s  of uniform d i m -  

ension.  Therefore ,  only the first 100 va lues  w e r e  r e t a i n e d .  

Waveform (iii) con ta ins  only 'on-of f8  information.  A number 

1 o r  0 ,  depending on whether the s u b j e c t  sees the  s t robosco-  

p i c  f l a sh  o r  n o t ,  w a s  augmented t o  the 100 dimensional vec- 

t o r ,  T h i s  v e c t o r  of 101 numbers con ta ins  a l l  the  informat ion  

f o r  the  work i n  Chapter 111, 
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For the  amplitude and phase a n a l y s i s ,  it is  necessary 

t o  r e t a i n  a l l  sampled va lues  i n  the sequence of occurrence.  

The t iming  r e f e r e n c e  inform'ation and t h e  'on-off '  in format ion  

a r e  then  s t o r e d  s e p a r a t e l y .  

For t he  b e n e f i t  of anyone wishing t o  make use  of the 

d a t a ,  t hey  are a v a i l a b l e  on 9-track magnetic t a p e s  f o r  use  

on IBM 360/65. The format used i s  (4x14, 4x1514, 5 (/4X1714) e 

24.2 P r o p e r t i e s  of (&+I - d, 1 

I n  Chapter 111, the  fo l lowing  p r o p e r t i e s  w e r e  claimed 

f o r  the d i s t a n c e  measure d e f i n e d  a s  

( t he  reader is referred t o  Chapter I11 f o r  n o t a t i o n ) .  

(i 1 Adding one more f e a t u r e  can never worsen the d i sc r im-  

i n a t i n g  c a p a c i t y  of t h e  f e a t u r e s  a l r eady  chosen. 

(ii) If x ~ + ~  i s  a l i n e a r  combination of x19 x a 9  0 9 X,  

p l u s  a n o i s e  t e r m ,  t hen  
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(iii) If t h e  two classes are s i n g u l a r l y  d i s t r i b u t e d  i n  

( n  9 1) dimensional space on s e p a r a t e ,  p a r a l l e l  

hyperplanes,  t hen  

The p r o o f s  a r e  given below. 

C 
T 

C 
= det 

0, +1 c-Ic o,+1-c c-1c (i) det C T  

by elementary row ope ra t ions  

= det 

expanding i n  t e r m s  of the l a s t  row. 

Now, 

covar iance  ma t r i ces  Assuming nons ingular ,  
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a,,, - CTC"1C 2 0. Q.E.D. 

T (ii 1 L e t  = + 

where e has mean z ,  variance u, and uncorrelated 

w i t h  x. - 

(A. 2 )  
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= cog since 2 and c are uncorrelated. 

Similarly c1 = e l@.  - 

Therefore, C = eo f C1 = 

T 

T -1 
(&+1-C z-111)2 = 0 .  Q.E.D. Therefore, & + I  - 6, = 
an+,-c c c 

(iii) Under hypothesis let 

where eo has mean E o ,  variance u and uncorrelated 

with x. 

As in (11) it can be shown that 

- 

Under hypothesis H1 let 
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- 
where e1 has mean e l ,  va r i ance  U, and uncor re l a t ed  with - x. 

Then, 

- -  
= BTIJ + eo - e l  - -  

= eTzg + 2u 

_s 

Now if we l e t  U 0 wi th  # e ’ ,  w e  can  make the  two p a t t e r n  

c l a s s e s  be s i n g u l a r l y  d i s t r i b u t e d  on s e p a r a t e ,  p a r a l l e l  

hyperplanes.  
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(iv) It is a well-known property of multivariate normal 

distributions that 

Setting - 5 = - 0, we get the desired result. 

A . 3  Characteristic Functions 

If p(xl, x2, . . e x,, is the probability density 

function of a random vector (XI x2 . . . , x,, 1 then 

is called its characteristic function. It is the multi- 

dimensional Fourier transform of the probability density 

function e 

The characteristic function may be used to obtain 

moments of any order. 
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1 
rl +r2 + e  +r, E [xLr1xar2 ., . qr"] = 

i 

+raM(vl v2 e .v, arl + r 2 + e .  0 

rfl . e . av, av, r1 avz r2 

It can a l s o  be used t o  ob ta in  t he  s t a t i s t i c s  of c e r t a i n  non- 

l i n e a r  func t ions  of random v a r i a b l e s .  For example, i f  x is  

a scalar r . v . ,  

E COS x = y E (eix + e - ix )  M ( 1 )  + 3 M ( - l ) .  =z 

From t h e  de f in ing  equat ion,  i t  is seen  t h a t  M ( - l )  = M*( l ) .  

Therefore ,  E cos  x = Re M ( 1 )  

o r ,  E R e  eix = R e  E eix showing commutativity of E 

and Re opera to r s  i n  the case of complex func t ions  of r e a l  

r . v .  

As a f u r t h e r  example, i f  (x2, x 2 )  is  a random v e c t o r ,  

I 

E [cos (XI - x 2 )  - cos (q + x a ) ~  = Z  

= + E  c e 

E s i n  x1 s i n  xa 

i ( x l - x 2  1 + e -i(xl-x2 1 - e i (xl +x2 1 

-i (xl +* I ]  - e  
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s i n c e  M ( - l ,  1) = M*(1, -1) and M(-19 -1) = M*(1, 1) 

I n  Chapter I V ,  t h e  expected va lues  of the average 

s i g n a l  and t h e  autocorrelogram as p r e d i c t e d  by the  model were 

shown t o  agree c l o s e l y  w i t h  t h e  predicted behavior .  H e r e  

the  v a r i a b i l i t y  of these estimates is  der ived .  I n  each case, 

it i s  shown t h a t  t h e  v a r i a b i l i t y  goes t o  zero ,  as the  l e n g t h  

of the EEG r eco rd  used goes t o  i n f i n i t y .  

If z is  a complex r e v . ,  

It  w a s  proved i n  Chapter I V  t h a t  
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In the sum, there are N terms for which j = k and hence these 

terms are all equal to unity. By symmetry, the rest of the 

sum is equal to twice the triangular sum for which j 7 k, 

Thus, 

e(jt, + t) and 8(kt, + t) are jointly Gaussian with 

Therefore, 



-n ( j -k )qt ,  1 

= e  . (A. 5 )  

From (A.4), (A.5) and (A.6) 

It  i s  seen that  var z - 0 as N 4 O D ,  implying mean square 

convergence. 

In th is  case, 
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Therefore ,  

-(po+qt) e +poa I J - k l  = e  i 8  ( j t, +t ) - i e  (kt ,  + t  1 E e  

and 

From Chapter I V ,  

Therefore ,  

N - 1) where SN is t h e  double 

sum i n  ( A . 7 ) .  

- (Po +qt ( V a r  z = e 

I t  w i l l  now be proved t h a t  l i m  SN = 1, s o  we.kave mean 

squa re  convergencel 
N-- 

O < a < l .  
N - 1  N - 1  

g = O  k = O  
SN = C C- e 
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Given any i n f i n i t e s i m a l  G 1  > 0, w e  can always f i n d  N 1 - ( e l )  

such t h a t  

(The l e f t  hand i n e q u a l i t y  i s  obviously t r u e .  

i n e q u a l i t y  implies 

The right hand 

(observ ing  t h a t  I n  a is  n e g a t i v e ) .  

The r ight  s i d e  is a p o s i t i v e  number and w e  have t o  merely 

p i c k  N1 (€1  a s  the n e a r e s t  i n t e g e r  above i t .  1 

Now s p l i t  the  double sum i n t o  two parts--TlN f o r  

which lj - k /  2 N l ( € l )  and T ~ N  f o r  which lj - kl < N l ( € l )  so 

t h a t  

Any t e r m  i n  T ~ N  is  bounded above by epo , t h e  bound being 

achieved f o r  j - k = 0. 

Therefore ,  
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1 * any term in Tl N s 1 + B p  s any term in TZFl S epo e 

The number of terms in T ~ M .  is of O ( M ) .  Therefore, given any 

infinitesimal €2 9 0 ,  we can find N z ( e , )  such that 

T ~ N  e 2  for N 2 N 2 ( e 2 ) .  (A.8) 1 o s  

The number of terms in T I N  is 0 (N2 e Therefore, 

1 s  T ~ N  s 1 + e l  for N 2 N i ( G 1 ) .  (A.9) 

Adding inequalities ( A e 8 )  and (A.9) 

1 s SN 1 f €1 + € 2  for N 2 Max [Nx ( € 1  1, N2 ( C Z ) ] .  

Letting e l ,  8 ,  4 0 and M 4 m q  we get 

lim SN = 1 Q.E.D.  
N +OD 
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I n  o rde r  t o  e v a l u a t e  E IRN ( 7 )  1 ”  
c h a r a c t e r i s t i c  f u n c t i o n  of random v a r i a b l e s  8 ( t ) ,  8 ( t  + 71, 
8 ( u ) ,  8 ( u  + 7 )  which a r e  j o i n t l y  Gaussian. It w i l l  have t o  

be eva lua ted  a t  (1, -1, -1, 1) and depends on the  r e l a t i v e  

. p o s i t i o n s  of the i n s t a n t s  t ,  t + 7 ,  u ,  u + 7 .  F i r s t ,  it is 

observed t h a t ,  by symmetry, t he  i n t e g r a l  i s  t w i c e  t ha t  over 

the t r i a n g u l a r  reg ion  shown i n  the f i g u r e  below. The  t r i a n g l e  

itself i s  s p l i t  up i n t o  reg ions  I ,  11, 111, the  i n t e g r a l s  

w e  need t h e  f o u r t h  o r d e r  

over  which a r e  denoted by 11, Ia,  Is e 

U 

- 
0 

( A .  9 )  
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I n  reg ions  I and 11, 

u < t a u + '7 < t + 7. 

Therefore ,  the  covariance ma t r ix  of t h e  f o u r  random v a r i a b l e s  

8 ( t ) ,  8 ( t  + T ) ?  8 ( u ) ,  e ( u  + 7 )  is  g iven  by 

Thus i t  can be seen  t h a t  

M ( 1 ,  -1, -1, 1) = e -q(t-u) af ter  c a n c e l l a t i o n  of t e r n s .  

Therefore ,  

I n  reg ion  111, 
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u C U  + 7 < t c t + 7. 

The covariance matrix of the four random variables i s  then 

given by 

Po + q t  Po + q t  Po +qu Po + q u + q 7  

Po + q t  Po + q t + q 7  Po +qu Po + q u + q 7  

Po + w  Po + q u + q 7  Po +qu Po +qu 

Po + q u + q 7  Po + q u + q 7  Po +qu Po + q u + q 7  

Thus, 

N t ,  t - 7  

7 
Is = s lo 

= - 1 (Nt, - 7)2e-q7. 
2 

Substituting in to  (A.91, 

+ ( N t ,  - -VI * 

As N - m, f o r  f ixed  7 ,  



Therefore ,  l i m  V a r  RN ( 7 )  = 0 ,  again proving  mean square 

convergence, 
N 403 

(x19 x 2 ,  e e e X N )  a r e  real r .v . s  wi th  zero  mean 

and covar iance  ma t r ix  PO where 

CN = 

a 

1 

a 

. G .  

e * *  

aN - 2 

a2 

a 

1 

0 .  

a3 

a2 

a 

e . .  

. e .  

. * .  

* 

. 

It i s  r e q u i r e d  t o  f i n d  the c o n d i t i o n a l  d e n s i t y  

It  i s  first necessary  t o  f i n d  det .& and CC1 

t e r m s  of t he  first row, 

Expanding i n  
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a2 

a 

a 

1 

. . .  e .  

e o  . e 0  

aN-3 
e .  

- a=det  
e . .  . . .  
. e .  

aN-3 

. .  
1 

s i n c e  a l l  o t h e r  c o f a c t o r s  are ze ro  

[det 

(1 - 

it 

c N - I  a2 det C N - l  1 

a2 I d e t  

i nduc t ion  Eollows BY t h a t  

de t  CN = (1 - a21N-Idet 

the t r i d i a g o n a l  ma t r ix  

C1 = (1 - 

C$ is  
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1 
1-a2 
___p_ 

-a 0 

1 + a 2  -a 

-a 1 + a2 

e e . e . 0 . .  

0 0 0 .  

0 0 . s  

0 

0 

-a 

e .  

-a 

0 

. .  
0 0 . 0  

1 + a2 

-a 

which can be v e r i f i e d  by d i r e c t  mult ipl icat ion.  

Q N - i  - 

It i s  seen t h a t  
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Therefore ,  

which i s  Gaussian with mean ~ x N - ~  and va r i ance  po (1 - a2 l e  
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1 3 .  ABSTRACT 

This report  deals with the feature reduction problem in pattern classification, 

with application to electroencephalograph (EEG) signals. 

tion is that of discriminating between two kinds of signals--spontaneous EEG and EEG 

driven by photic stimuli a t  the alpha frequency. 

amount of data, efficient feature reduction methods a r e  required to pick out a few features 

which a r e  significant for discrimination purposes. 

The problem under considera- 

Since an EEG record represents a large 

The f i r s t  two chapters a r e  of an introductory nature describing statistical feature 

reduction methods given in  the l i terature and some relevant facts about EEG signals. The 
third chapter develops a notlparametric feature reduction procedure based on a distance 

measure.  

that the computations involved in feature reduction also yield the best separating hyper- 

plane at  each stage. 

The features used a re  sampled values of the EEG. A feature of the method i s  

The fourth chapter develops a random process model for  the two kinds of EEG 

signals. 

random am?litude and phase modulation. 

dicted by the model agree closely with the observed results.  

model is employed for feature reduction and pattern classification. 

a four dimensional vector of sufficient statistics, which contains all the information 

necessary for discrimination purposes. 

phase values of the EEG. 

as  more data becomes available. 

l inear i n  t e rms  of these sufficient statistics. 

The signal i s  essentially represented as a sinusoib. at the alpha frequency with 

It is seen that the statist ical  properties pre-  

In the fifth chapter, the 

The model provides 

The sufficient statist ics a r e  functions of the 

They a r e  in the form of cumulative s u m s  which can be updated 

Moreover, the Bayes optimal separating surface i s  

The e r r o r  ra tes  obtained by the two methods a r e  compared. It i s  seen that in the 

5 %  range of e r r o r  rate, which i s  of practical interest ,  the two methods perform equally 

well. The computational simplicity of the model-based method gives i t  a decisive 

advantage. 
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